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ABSTRACT

We consider the uplink of a time-variant multiple-input-
multiple-output (MIMO) multi-user (MU) multi-carrier (MC)
code division multiple access (CDMA) system. The linear min-
imum mean square error (LMMSE) filters for channel estima-
tion and multi-user detection at the receiver side require too
high complexity to be implementable in a system operating in
time-variant channels. We develop a low-complexity imple-
mentation of an LMMSE filter based on the Krylov subspace
method. We are able to reduce the computational complex-
ity by one order of magnitude. Furthermore, in a system with
K users having NT transmit antennas, parallelization of the
computations of the multi-user detector into KNT branches is
achieved as well as considerable storage reduction. We discuss
more specifically a fully loaded system (the number of sub-
carriers N is equal to the number of users K) with NT = 2
transmit antennas per user, NR = 4 receive antennas and
K = N = 64.

I. INTRODUCTION

Exact LMMSE filters are difficult to implement in a real-time
system. We develop a low-complexity algorithm based on
Krylov subspace methods [7, 8] to approximate an LMMSE
filter, trading accuracy for efficiency. Convergence of the itera-
tive Krylov algorithm can be accelerated by choosing a suitable
starting value [2]. In this paper we extend previous results ob-
tained for a single-input-single-output (SISO) MU system [1,2]
to a MIMO-MU system [5]. We consider independent or joint
coding at each transmitter and independent or joint antenna de-
tection at the receiver.
Our contribution: We implement the single and joint antenna
detectors and the channel estimator using the Krylov subspace
method. We discuss their performance in a fully loaded system
with K users, where each transmitter uses independent or joint
coding for its NT transmit antennas. The multi-user receiver
based on the Krylov subspace method achieves computational
complexity reduction by one order of magnitude as well as par-
allelization of the multi-user detection into KNT branches.
The paper is organized as follows: We describe the multi-
antenna transmitter in Section II. and the multi-antenna itera-
tive receiver in Section III. We briefly review the integration of
the Krylov method in the iterative receiver in Section IV. The
computational complexity is discussed in Section V. Simula-
tion results are presented in Section VI. and conclusions are
drawn in Section VII.

II. MULTI-ANTENNA TRANSMITTER

We extend the system described in [5, 9] to a multi-antenna
transmitter. Each user k ∈ {1, . . . , K} has NT ≥ 1 trans-
mit antennas. The MC-CDMA uplink transmission is based on
orthogonal frequency division multiplexing (OFDM) with N
subcarriers. We consider the transmission of NT data blocks,
each of them consisting of M − J OFDM data symbols and J
OFDM pilot symbols. Each antenna t ∈ {1, . . . , NT } of each
user k transmits symbols bk,t[m]1 with symbol rate 1/TS. The
discrete time index is denoted by m. Each symbol is spread
by a random spreading sequence sk,t ∈ CN with indepen-
dent identically distributed (i.i.d.) elements chosen from the
set {±1 ± j}/√2N .

The M − J data symbols are distributed over a block of
length M fulfilling bk,t[m] ∈ {±1 ± j}/√2 for m /∈ P
and bk,t[m] = 0 for m ∈ P , allowing for pilot symbol
insertion. The pilot placement is defined through the index set

P =
{⌊

i
M

J
+

M

2J

⌋
| i ∈ {0, . . . , J − 1}

}
. (1)

After spreading, pilot symbols pk,t[m] ∈ CN are added

dk,t[m] = sk,tbk,t[m] + pk,t[m] . (2)

The elements of the pilot symbols pk,t[m, q] for m ∈ P and
q ∈ {0, . . . , N −1} are randomly chosen from the QPSK sym-
bol set {±1 ± j}/√2N , otherwise pk,t[m] = 0N .

We consider two modes of encoding, using a convolutional,
non-systematic, non-recursive, 4 state, rate RC = 1/2 code
with generator polynomial (5, 7)8:
• Independent Encoding: The NT data blocks are inde-

pendently encoded, interleaved, mapped to the QPSK constel-
lation, spread and transmitted. The corresponding transmitter
structure is shown in Fig. 1.
• Joint Encoding: The NT data blocks are jointly encoded,

interleaved and mapped. Then the NT (M − J) coded symbols
are split into NT coded symbol blocks that are independently
spread and transmitted. The corresponding transmitter struc-
ture is shown in Fig. 2.

1Notation: We denote a column vector with elements a[i] by a, and a ma-
trix with elements [A]i,j by A. The k-th column of A is denoted Ak . The
transpose (conjugate transpose) of a matrix or vector is denoted through ·T
(·H). A diagonal matrix with elements a[i] is written as diag(a) and the Q×Q
identity matrix as IQ. The vector of size Q containing zeros is denoted 0Q.
The norm of a is denoted through ‖a‖ and its norm with respect to a matrix A

through ‖a‖A =
√

aHAa. The largest integer, lower than or equal to b ∈ R

is denoted by �b�. The superscript (i) denotes the i-th iteration of the receiver.
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For each transmit antenna an N -point inverse discrete
Fourier transform (DFT) is performed and a cyclic prefix of
length G is inserted. A single OFDM symbol together with the
cyclic prefix has length P = N +G chips. After parallel to se-
rial conversion the chip stream with chip rate 1/TC = P/TS is
transmitted over a time-variant multipath fading channel with
L resolvable paths.

III. MULTI-ANTENNA RECEIVER

The receiver has NR ≥ 1 receive antennas. At each receive
antenna r ∈ {1, . . . , NR}, the signals of all KNT transmit
antennas add up. In the receiver, the transmission encoding
scheme is taken into account by appropriate demapping, dein-
terleaving and decoding. At each antenna, the cyclic prefix is
removed and a DFT is performed. The received signal vector
yr[m] ∈ CN at receive antenna r after these two operations is
given by

yr[m] =
K∑

k=1

NT∑
t=1

diag
(
gk,t,r[m]

)
dk,t[m] + zr[m] , (3)

where complex additive white Gaussian noise with zero mean
and covariance σ2

zIN is denoted by zr[m] ∈ CN with ele-
ments zr[m, q]. The time-variant frequency response between
transmit antenna t of user k and receive antenna r is denoted
by gk,t,r ∈ CN . All channels gk,t,r are assumed uncorre-
lated. Thus each receive antenna performs channel estimation
independently. We define ĝk,t,r[m] as the channel estimate at
discrete time m of the time-variant channel gk,t,r. For chan-
nel estimation we use a subspace spanned by discrete prolate
spheroidal (DPS) sequences with dimension D << M . For
practical mobile communications systems, D ≤ 5, see [10].
The reduced complexity of the time-variant channel estimator
using the Krylov subspace method is detailed in [1].

The effective spreading sequence at time m is

s̃k,t,r[m] = diag
(
ĝk,t,r[m]

)
sk,t ∈ C

N . (4)

Unless necessary, we omit now the time-index m. The time-
variant effective spreading matrix at antenna r is given by

S̃r = [s̃1,1,r, . . . , s̃1,NT ,r, . . . , s̃K,1,r, . . . , s̃K,NT ,r] . (5)

Using these definitions the signal received at antenna r writes
yr = S̃rb + zr, where

b = [b1,1, . . . , b1,NT , . . . , bK,1, . . . , bK,NT ]T ∈ C
KNT (6)

contains the data symbols for the KNT transmit antennas.
Data detection is performed using the soft symbol estimates

b̃k,t. They are computed from the extrinsic probability supplied
by the decoding stage

b̃k,t[m] = 1√
2

(2EXT(ck,t[2m]) − 1)

+j 1√
2

(2EXT(ck,t[2m + 1]) − 1) .
(7)

We define the error covariance matrix of the soft symbols

V = E{(b − b̃)(b − b̃)H} , (8)

Encoder Interleaver Mapper Spreading

Encoder Interleaver Mapper Spreading

M

M

M2 M

M

11

N
T

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

M2

2M

M2

Figure 1: Independent encoding for NT transmit antennas.
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Figure 2: Joint encoding for NT transmit antennas.

with constant diagonal elements Vk,t = E{1 − |b̃k,t|2} during
the iteration. b and b̃ are supposed to be independent and the
other elements of V are assumed to be zeros.

For multi-user detection, we compare two different architec-
tures.

A. Single Antenna Detection

Each antenna performs detection independently. Thus, the NR

antennas are considered as NR independent receivers. To can-
cel the multi-access interference, we perform soft parallel in-
terference cancellation (PIC) for transmit antenna t of user k at
receive antenna r

ỹk,t,r = yr + s̃k,t,r b̃k,t − S̃rb̃ . (9)

The unbiased conditional LMMSE filter writes as2

fk,t,r =

(
σ2

zIN + S̃rV S̃
H

r

)−1

s̃k,t,r

s̃k,t,r
H

(
σ2

zIN + S̃rV S̃
H

r

)−1

s̃k,t,r

. (10)

The output of the filter is an estimate of bk,t for receive antenna
r expressed by

b̂k,t,r = fH
k,t,rỹk,t,r . (11)

These NR estimates of bk,t are then combined using maximum
ratio combining, leading to

b̆k,t =
∑NR

r=1 ||ĝk,t,r||2b̂k,t,r∑NR

r=1 ||ĝk,t,r||2
. (12)

The b̆k,t are decoded by a BCJR decoder after demapping and
deinterleaving.

B. Joint Antenna Detection

We investigate here the case where all NR signals are com-
bined in order to perform joint detection. This method has the
advantage of taking into account the correlation between the
received signals of all antennas, but has greater storage and
computation requirements. We define the global received sig-
nal ŷ as the vector containing all yr for r ∈ {1, . . . , NR} and
expressed by

ŷ = [yT
1 , . . . , yT

NR
]T ∈ C

NNR . (13)

2We are interested in a fully loaded system (K = N ) thus N < KNT .
However, S̃r has size NxKNT and in the case N > KNT , the matrix inver-
sion lemma [6] can be applied to obtain a matrix with smaller dimensions.
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ŵk,t[m]

yr[m]

...
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Figure 3: The MC-CDMA receiver performs iterative time-variant channel estimation jointly for all users and independently per
receive antenna as well as multi-user detection jointly for all users and antennas.

Similarly, we define Ŝ = [S̃
T

1 , . . . , S̃
T

NR
]T ∈ CNNRxKNT and

ẑ = [zT
1 , . . . , zT

NR
]T ∈ CNNR . We can rewrite ŷ = Ŝb + ẑ.

PIC for user k and transmit antenna t is performed,

ŷk,t = ŷ + ŝk,tb̃k,t − Ŝb̃ , (14)

where ŝk,t is the ((k−1)NT + t)-th column of Ŝ. We consider
the case KNT < NNR. The unbiased LMMSE filter after
using the matrix inversion lemma [6] writes

f̂k,t =
Ŝ

(
σ2

zIKNT + V Ŝ
H
Ŝ

)−1

êk,t

ŝH
k,tŜ

(
σ2

zIKNT + V Ŝ
H
Ŝ

)−1

êk,t

, (15)

where êk,t is the (NT (k − 1) + t)-th elementary vector. Es-
timates of the transmitted symbols bk,t are given by b̆k,t =

f̂
H

k,tŷk,t and decoded by a BCJR decoder, after demapping and
deinterleaving.

In Fig. 3 we show the MIMO-MU receiver for joint antenna
detection. In case of single antenna detection, the receiver per-
forms PIC and multi-user detection for each receive antenna
independently.

IV. THE KRYLOV SUBSPACE METHOD

Krylov subspace methods [7, 8] approximate the solution of
a linear system Ax = a where A is a known matrix with
size Q × Q and a is a known vector with size Q × 1. We
consider the Conjugate Gradient algorithm [7], developped
for hermitian matrices. An initial value x0 is projected onto
Ks = span

{
ã, Aã, . . . , As−1ã

}
, known as Krylov subspace

of A and ã of dimension s, where ã = a − Ax0. The al-
gorithm iteratively computes an approximate solution at step s
denoted through xs [1, 2].

An upper bound of the error ‖xs − x‖A at step s is [4]

‖xs − x‖A ≤ 2‖x0 − x‖A

(√
kA − 1√
kA + 1

)s

, (16)

where the condition number kA = λmax(A)
λmin(A) > 1 of matrix A

is defined as the ratio of its largest to its smallest eigenvalue.
Hence convergence is assured (

√
kA−1√
kA+1

< 1), but the conver-
gence speed depends strongly on the spectrum of A and the
choice of x0.

Implementing the Krylov subspace method to approximate
(10) or (15) is equivalent to approximating A−1a, where A
and a are defined as follows depending on the detector

• Single Antenna Detector (SAD)

ASAD
r =σ2

zIN +S̃rV S̃
H

r aSAD
k,t,r = s̃k,t,r (17)

• Joint Antenna Detector (JAD)

AJAD =σ2
zIKNT + V Ŝ

H
Ŝ aJAD

k,t = êk,t (18)

From Equation (16), we see that a suitable starting value x0

may accelerate the convergence of the Krylov algorithm. We
develop several initialization methods in [2]:
• The time method allows adaptation from symbol to sym-

bol. The starting value at symbol m+1 is the result obtained at
the previous symbol m. This method is available for multi-user
detection.
• The loop method allows adaptation from receiver iteration

to receiver iteration. The starting value at iteration (i + 1) is
the result obtained at the previous iteration (i). This method
is available for channel estimation. It is possible for multi-
user detection also, but performs slightly worse than the time
method [2]. Thus this situation is not considered here.

The Krylov subspaces dimensions are varied along this
work.

V. ON THE COMPUTATIONAL COMPLEXITY

The approximate computational complexity results are given in
number of complex multiplications (CM) required. We remind
that N is the number of subcarriers, M the number of symbols
(including pilot symbols) over a block, D is the DPS subspace
dimension for channel estimation and S and S′ are the Krylov
subspace dimension for multi-user detection (MUD) and chan-
nel estimation (CE) respectively. We recall the results detailed
in [1] for a SISO-MU system that we will extend to a MIMO-
MU system

SISO-MU Exact LMMSE Krylov
CE (2

3KD + M)(KD)2 2S′MKD

MUD 2N2(K + 1
3N) SKN(2K + 7)

From a MIMO receiver point-of-view, K users with NT an-
tennas act like KNT virtual users. Thus, the dimension K in
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the SISO equations is simply replaced by KNT . The influence
of the number of receive antennas NR is more complex and
depends on the type of receiver.

A. Channel Estimation (CE)

Regardless of the receiver type, channel estimation is per-
formed similarly. Since all channels are assumed uncorrelated,
each receive antenna has its own channel estimator. Thus the
MIMO-MU channel estimator acts like NR independent esti-
mators and the computational complexity is NR times the one
of the SISO case.

B. Multi-User Detection

Here we need to make the distinction between the single an-
tenna and the joint antenna detectors. We consider a fully
loaded system (K = N ) with NT ≤ NR, thus N ≤ KNT

and KNT ≤ NNR
3.

Single Antenna Detector (SAD): Every receive antenna r
acts independently and has its own effective spreading and
Krylov matrices. The computational complexity for single an-
tenna detection (SAD) is NR times the one of the SISO case.

Joint Antenna Detector (JAD): A CDMA system with
spreading factor N and NR receive antennas behaves like a
single antenna system with spreading factor NNR (resource
pooling result, see [3]). Thus we replace the dimension N in
the previous equation by NNR.

The expressions for computational complexity of a MIMO-
MU system are summarized here4

MIMO-MU Exact LMMSE
CE (2

3KNT D + M + NR)(KNT D)2

SAD 2NRN2(KNT + 1
3N)

JAD 2(KNT )2
(
NNR + 1

3KNT

)
Krylov

CE 2NRNT S′MKD
SAD/JAD SKNT NNR(2KNT + 7)

We note that the computational complexity for single or joint
antenna detection using the Krylov subspace method is identi-
cal for equal Krylov subspace dimensions.

VI. SIMULATION RESULTS

We use the same simulation setup as in [9]. The realizations
of the time-variant frequency-selective channel, sampled at the
chip rate 1/TC, are generated using an exponentially decay-
ing power delay profile with root mean square delay spread
TD = 4TC = 1µs for a chip rate of 1/TC = 3.84 · 106 s−1.
The autocorrelation for every channel tap is given by the clas-
sical Clarke spectrum. The system operates at fC = 2 GHz
and K = 64 users move with velocity v = 70km/h. For these
parameters the Doppler bandwidth is B = 126 Hz. The num-
ber of subcarriers N = 64 and the OFDM symbol with cyclic

3However, in the case where N ≥ KNT or KNT ≥ NNR , the com-
putational complexity of (10) or (15) after matrix inversion lemma would be
obtained by permuting the dimensions.

4These results are given per iteration of the receiver. However, at the first
iteration, no parallel interference cancelation is performed. The multiplicative
factor KNT in the SAD/JAD formula using Krylov disappears.
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Figure 4: BER using independent(I) or joint (J) encoding at the trans-
mitter with single (SAD) or joint (JAD) antenna detection at the re-
ceiver. Both channel estimation and multi-user detection use LMMSE.

prefix has length P = G+N = 79. The data block consists of
M = 256 OFDM symbols with J = 60 OFDM pilot symbols.

The MIMO channel taps are normalized so that

E

{
NR∑
r=1

L−1∑
l=0

|hk,t,r[l]|2
}

= 1 (19)

in order to analyze the diversity gain of the receiver only. No
antenna gain is present due to this normalization.

A. Performance Comparison

In a first step we compare single and joint antenna detection at
the receiver combined to independent or joint encoding at the
transmitter. The bit error rate (BER) for NT = 2, NR = 4 and
K = N = 64 is shown in Fig. 4. The channel is LMMSE es-
timated and multi-user detection is performed using LMMSE
filtering. Results are shown after receiver iterations 3 and 4 of
the receiver. For comparison we also show the LMMSE perfor-
mance when the channel is perfectly known. We see that joint
antenna detection performs better than single antenna detec-
tion. Furthermore, joint antenna detection at the third iteration
of the receiver is still better than single antenna detection at the
fourth receiver iteration. However, as can be seen in the ex-
pression of the filters (10) and (15), the matrix to be inverted
for joint antenna detection is NR times larger than the matrix
for single antenna detection. The computational complexity of
the exact LMMSE filter grows with N2

R. A loss of 7dB due to
estimation of KNT = 128 channels per receive antenna can be
observed.

In a second step, we focus on this optimal solution (joint
encoding and joint antenna detection), see Fig. 5. Using
the Krylov subspace method, joint antenna detection is imple-
mentable with lower computational complexity and storage re-
quirements. Furthermore, less receiver iterations are required.
We implement channel estimation (CE) and joint antenna de-
tection (JAD) with LMMSE or by using the Krylov subspace
method. We vary the dimensions S and S′ of the Krylov sub-
spaces. We also show the LMMSE performance with perfect
channel knowledge.

The optimal parameters using a Krylov based receiver are
• for multi-user detection: time initialization with a Krylov
subspace of dimension S = 1,
• for channel estimation: loop initialization with a Krylov
subspace of dimension S′ = 8.
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Figure 5: BER using Krylov approximation with loop initialization
and subspace dimension S′ ∈ {4, 6, 8} for CE, and time initialization
and subspace dimension S = 1 for MUD. NT = 2, NR = 4 and
K = N = 64. We also show the BER with LMMSE detection and
perfectly known channel.

We can trade performance against computational complexity
by reducing the Krylov subspace dimension.

B. Computational Complexity Comparison

In Fig. 6 we show the computational complexity in number of
complex multiplications (CM). We use the Krylov parameters
from the optimal results obtained previously: loop8 for channel
estimation and time1 for joint antenna detection.

First we compare the computational complexity for channel
estimation using LMMSE or Krylov estimation, per iteration
(Fig. 6a). The Krylov subspace method achieves complexity
reduction up to more than one magnitude.

Secondly, we compare the computational complexity per re-
ceiver iteration for multi-user detection using LMMSE single
(SAD) or joint (JAD) antenna detection or Krylov detection in
Fig. 6b. Note that both single and joint antenna detection us-
ing a Krylov filter have the same complexity per iteration. For
the first receiver iteration, complexity reduction of 2 orders of
magnitudes is achieved. For the following iterations, the com-
plexity is similar to the LMMSE one.

We have seen in Section A. that the receiver using joint
antenna detection requires less receiver iterations than the
receiver with single antenna detection for the same perfor-
mance. The total computational complexity of the receiver (us-
ing LMMSE channel estimation and LMMSE multi-user detec-
tion) becomes slightly lower with joint antenna detection and
3 receiver iterations than with single antenna detection and 4
receiver iterations, see Fig. 6c. Hence, using the Krylov sub-
space method for channel estimation and for multi-user joint
antenna detection allows consequent computational complex-
ity savings. Fig. 6c shows the complexity for a receiver us-
ing either a double LMMSE filter (for channel estimation and
multi-user detection) with single or joint antenna detection and
for a receiver using a double Krylov approximation. Complex-
ity reduction of up to one order of magnitude is achieved. Fur-
thermore, the computation of the joint antenna detector is par-
allelized into KNT branches, thus dividing the computation
time by KNT . In our simulations, 64 ≤ KNT ≤ 256. Finally,
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Figure 6: Computational complexity per iteration for CE (a) and
MUD (b), and total complexity of the iterative receiver including CE
and MUD (c). N = K = 64, M = 256, D = 3, 1 ≤ NT ≤ 4, and
NR =4.

using the Krylov subspace method allows considerable storage
requirement reduction [1].

VII. CONCLUSION

We develop a low-complexity implementation of an LMMSE
filter based on the Krylov subspace method. Using this ap-
proach for channel estimation and joint antenna detection in a
MIMO multi-user time-variant system, we are able to reduce
computational complexity by one order of magnitude. Consid-
erable storage requirement reduction is achieved as well as par-
allelization of the multi-user detection computations into KNT

branches, which is highly beneficial for a low latency hardware
implementation.
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