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Abstract—Intelligent transport systems (ITS) require lowlatency dependable wireless communication links inbetween vehicles as well as between vehicles and the infrastructure. In
vehicular communication scenarios communication channels are
time- and frequency (doubly) dispersive and the channel statistics
are non-stationary, i.e., they change over time. Hence, the design
of appropriate channel estimators is challenging. Recently an
adaptive reduced-rank channel estimation technique for nonstationary time-variant channel estimation was introduced by
Zemen and Molisch, 2012. This technique uses a hypothesis
test to obtain an estimate of the current channel statistics on
a per frame basis. The optimum number of hypotheses is not
known. In this paper we present new empirical insights on the
optimum choice of the number of hypotheses for the hypothesis
test for non-stationary time-variant channel estimation. With
these considerations the complexity of an adaptive reduced-rank
channel estimator can be reduced and its performance improved.

I. I NTRODUCTION
Low-latency dependable wireless vehicle-to-vehicle (V2V)
communication is a crucial building block for future intelligent
transport systems (ITSs) [1] to reduce the number of casualties
on the road. For ITS different access technologies are under
consideration [2] where besides 802.11p [3] also 3GPP long
term evolution (LTE) [4] is recently investigated as potential
candidate [5].
Reliable vehicular communication requires channel estimation methods that can deal with high delay- and Doppler
spreads in non-stationary propagation conditions, i.e., where
the delay and Doppler spread changes over time [6]. Such
propagation conditions are specifically observed in V2V communication scenarios [7–10].
In [11, 12] a robust reduced-rank iterative channel estimator
that relies on a correlation matrix assuming a flat delayDoppler scattering function is presented. The support region of
the scattering function is defined by the expected maximum
delay and the maximum Doppler frequency of the channel
in a certain communication scenario. The eigenvectors of the
channel’s autocorrelation matrix can be approximated by a
two dimensional subspace model using generalized discrete
prolate spheroidal (DPS) sequences [13, 14]. Such an approach
is mismatched to the actual support of the scattering function.
To improve the performance, an adaptive subspace selection
algorithm that estimates the actual delay and Doppler support
of the current channel realization was presented in [6] for the
pilot pattern of IEEE 802.11p [3] and in [15] for the pilot

pattern of the LTE downlink. The adaptive subspace selection
algorithm [6] is based on the work of [16] and utilizes a
frame based hypothesis test that uses the observations at pilot
positions to obtain an estimate on the delay and Doppler
support of the current channel realization. For the hypothesis
test the optimum number of hypotheses that provides the
best estimation performance is not known. In this paper we
consider pilot based adaptive reduced-rank channel estimation
for time-variant frequency-flat channels, i.e. a single subcarrier
in an orhtogonal frequency division multiplexing (OFDM)
system.
Contributions of the Paper: (a) We present a search algorithm for the optimum number of hypotheses for a timeselective channel. (b) A hypotheses design is given that
provides a good trade-off between estimation performance and
complexity. These results allow to reduce both, the estimation
error and the complexity of an adaptive reduced-rank channel
estimator.
The remainder of this paper is organized as follows: In
Section II we introduce the system model for time-variant
frequency-flat channel estimation. We briefly discuss the hypothesis test and present the framework for the optimization
of the number of hypotheses. In Section III we present
simulations results and discuss the obtained results. Finally,
in Section IV we conclude the presented work.
II. S YSTEM M ODEL
A. Time-Variant Frequency-Flat Channel
We consider the transmission of a symbol sequence d[m]
of length M over a time-variant frequency-flat fading channel
h(t). The discrete time received signal sequence y[m] can be
modeled by
y[m] = d[m]h[m] + z[m],

(1)

where m ∈ {0, . . . , M − 1} denotes the discrete time index,
h[m] = h(mTs ) the sampled channel, Ts the symbol duration
and z[m] ∼ CN (0, σz2 ) the symmetric complex additive white
Gaussian noise with zero mean and variance σz2 , respectively.
The symbol sequence d[m] consists of M − Np data symbols
b[m] interleaved with Np pilot symbols p[m]
d[m] = b[m] + p[m].

(2)

The data and pilot symbols are drawn from a QPSK symbol
alphabet and b[m] = 0 for m ∈ P. The pilot placement is

defined by the index set

region

P = {k∆t : k ∈ {0, 1, . . . , Np − 1}} ,

where ∆t represent the pilot symbol distance. Defining the
length M received column vector y ∈ CM ×1 by [y]m+1 =
y[m], m = 0, . . . , M − 1 we can rewrite (1) in matrix-vector
form according to
y = Dh + z.
M ×1

(4)
M ×1

Wt = [−νD , νD ] ,

(3)

M ×1

The length M vectors d ∈ C
,h∈C
, and z ∈ C
are defined similarly to y and contain the transmitted symbols,
the channel coefficients and the noise samples, respectively.
The matrix D = diag(d) is a diagonal matrix of size M × M
with the elements of d on its diagonal.
To estimate the unknown channel vector h we use a linear
minimum mean square error (LMMSE) estimator
−1
H
2
ĥLMMSE = Rh;hp DH
yp
(5)
p Dp Rhp Dp + σz INp
that provides the channel estimate ĥLMMSE . Here INp represents the identity matrix of size Np × Np and (·)H denotes the
conjugate transpose. The vectors yp ∈ CNp ×1 , hp ∈ CNp ×1 ,
and np ∈ CNp ×1 contain the noisy observations, the channel,
and the noise samples, respectively, at pilot positions only.
They are given by [yp ]k+1 = y[k∆t ], [hp ]k+1 = h[k∆t ], and
[zp ]k+1 = z[k∆t ] for k = 0, . . . , Np − 1, respectively. The
matrix Dp = diag(dp ) is of size Np × Np and dp ∈ CNp ×1 is
is
the vector of pilot symbols. Furthermore, Rhp = E hp hH
p
the autocorrelation
matrix
of
the
channel
at
pilot
positions
and

Rh,hp = E hhH
is the cross correlation matrix between the
p
channel at all positions and the channel at pilot positions. They
can be obtained as sub-matrices
of the channel autocorrelation

matrices Rh = E hhH by extracting ∆t -spaced rows
and/or columns. See [17] for further details.
B. Review of Hypothesis Test
The autocorrelation matrix Rh is in general not known
to the receiver and has to be estimated from the channel
observations. Direct estimation of the autocorrelation matrix
from a single observation would lead to high estimation errors
due to the short frame length and the low duty cycle of
ITS data traffic [6, 14]. Advanced estimators [18] do not
consider the case when the number of observed realizations of
a statistical process is smaller than the observation dimension.
Therefore a hypothesis test is utilized. The technique of
hypothesis testing is based on the subspace selection algorithm
of Beheshti et al. presented in [16]. We will briefly review the
principle of hypothesis testing for the time-variant frequencyflat channel and refer the reader to [6, 14–16] for more detailed
information on hypothesis testing for time-variant frequencyselective channels. In [6, 15] especially the orthogonal frequency division multiplexing (OFDM) based systems 802.11p
and LTE are considered.
To estimate the autocorrelation matrix Rh we firstly approximate it by a robust autocorrelation matrix R̃h that assumes a
flat Doppler power spectral density (DSD) within the support

(6)

with 0 ≤ νD ≤ νDmax . Here νDmax represents the maximum
normalized one sided Doppler bandwidth of the channel. The
approximation of a Clarke’s Doppler spectrum with a flat DSD
causes only a minor degradation in estimation performance [6].
We assume that the fading process is wide-sense stationary
within the considered observation region [9]. The normalized
Doppler bandwidth is definedy by νD = fD Ts , where fD =
v/c0 fc , with v the relative velocity between transmitter and
receiver, c0 the speed of light and fc the carrier frequency of
the system. For an autocorrelation matrix with flat DSD the
eigenvectors U(Wt , It ) of
R̃h (Wt , It ) = U(Wt , It )Σ(Wt , It )U(Wt , It )H

(7)

are also given by the DPS [13] sequences where Σ(Wt , It )
is the diagonal matrix of eigenvalues λi (Wt , It ) and It =
[0, . . . , M −1] is the finite index set where the fading process is
observed on. The eigenvalues λi (Wt , It ) are sorted in descending order, i.e., λ0 (Wt , It ) ≥ λ1 (Wt , It ) ≥ . . . λM −1 (Wt , It )
and quickly decay for i > D0 with D0 (Wt , It ) = d|Wt |M e+1.
This allows us to approximate the autocorrelation matrix R̃h
by a robust reduced-rank matrix R̃h ≈ R̆h = UD ΣD UH
D
with D dominant eigenvalues, where UD and ΣD contain the
first D coloumns of U and Σ, respectively. The dimension D
for a given noise variance σz2 is found to be [19]
!
M −1
D 2
1 X
λi (Wt , It ) +
σ . (8)
D = argmin
M
M z
D∈{1,...,M }
i=D

Note that (8) depends on the noise variance σz2 . Furthermore,
the dimension D is only optimal in the case where Rh = R̃h .
In any other case we get a (slightly) suboptimal dimension.
The goal of the hypothesis test is to estimate the support
of the DSD Wt = [−νD , νD ] ⊂ [−νDmax , νDmax ], that defines
the autocorrelation matrix Rh , from the observations at pilot
positions P. The signal model at pilot positions is given by
yp = Dp hp + zp ,

(9)

with the vectors yp , zp and the matrix Dp defined in Section
II-A. The channel observations at the pilot positions P are
obtained by
H
0
wp = D H
p yp = hp + Dp zp = hp + zp ,

z0p

(10)

CN (0, σz2 INp )

where
∼
has the same statistics as zp . The
fading process observed at the pilot positions is described by
the eigenvectors of the autocorrelation matrix Rhp . For an
equidistant pilot grid the eigenvectors U(P) (Wt , P) of a fading
process R̃hp that assumes a flat DSD are also spanned by
sampled DPS sequences [15]. For the setup of U(P) we use
[6, Eq. (20)-(25)] and set νD0 = ∆t νD [15]. From this setup
we obtain Σ(P) . To determine the dimension D(P) we use a
slight variation of (8)


Np −1
(P)
X (P)
1
D

D(P) =
argmin
σz2  ,
λi (Wt , P) +
Np
N
p
D (P) ∈{1,...,Np }
(P)
i=D

(11)

(P)

where λi (Wt , P) are the eigenvalues of the fading process
R̃hp .
For the hypothesis test we define a finite set of A hypotheses
{Wt (1), . . . , Wt (a), . . . , Wt (A)} on the DSD support where
each hypothesis has a different support

 a
a
(12)
Wt (a) = − · νDmax , · νDmax ,
A
A
a ∈ {1, . . . , A}. Each hypothesis represents a subspace
spanned by the columns of U(Wt (a), It ) which corresponds to
the subspace U(P) (Wt (a), P) at pilot positions. The hypothesis test provides the hypothesis â ∈ {1, . . . , A} that, according
to the test, fits best to the current channel realization. For the
sake of simplicity of notation we substitute U(P) (Wt (a), P)
(P)
by Ua in the following. We calculate the channel estimates
on the pilot positions for each hypothesis according to [6, 16]
H

(P)
ĥp (a) = U(P)
wp .
a Ua

(13)

The data error for hypothesis a can then be expressed by
2
1
(14)
wp − ĥp (a) .
xa =
Np
However, the metric that we want to minimize is not the data
error xa but the reconstruction error
2
1
za =
hp − ĥp (a)
(15)
Np
which cannot be directly observed at the receiver side since
the actual channel hp is not known to the receiver. Knowing
xa , we are interested to obtain a probabilistic upper bound on
za as
za < za (xa , p1 , p2 )

(16)

that only depends on xa and some constants p1 and p2 . This
bound enables us to select the best hypothesis Wt (â), i.e.,
â = argmin za (xa , p1 , p2 ).

(17)

a∈{1,...,A}

With the hypothesis Wt (â) and (7) we obtain R̃âh ≈ R̆âh of the
current channel realization that is used to obtain the channel
estimate ĥâLMMSE according to

−1
2
ĥâLMMSE = R̃âh;hp DH
Dp R̃âhp DH
yp . (18)
p
p + σz INp
The matrices R̃âh;hp and R̃âhp are defined similarly as in
Subsection II-A. More detailed information on the hypothesis
test can be found in [6, 14, 15]. For hypothesis testing in
time-variant frequency-selective channels we refer to [6, 15].
C. Numerical Optimization of the Number of Hypotheses
The optimum number of hypotheses Aopt is not known. In
this section we present a framework to determine Aopt by
numerical optimization. As optimization criterion we consider
the mean square channel estimation error (MSE).
For the optimization process we vary the number of hypotheses Ai ∈ {1, . . . , Amax } and determine the number of
hypotheses Aopt that provides the minimum overall MSE.
This will be explained in more detail presently. The variable
Amax denotes the maximum number of hypotheses to be tested
against and will be defined in Section III.

For each Ai ∈ {1, . . . , Amax } we define Ai hypotheses
according to Eq. (12) and simulate F frames of length M .
For every frame f ∈ {1, . . . , F } the Doppler support of
the current channel realization is drawn randomly from the
uniform distribution U[0, νDmax ], i.e., νDf ∼ U[0, νDmax ]. The
hypothesis test, performed according to Section II-B, provides
f
a hypothesis âf ∈ {1, . . . , Ai } that is used to calculate R̃âh of
f
the current channel realization. With (18) we obtain ĥâLMMSE
and the MSE of one frame f is calculated by
2
f
1
hf − ĥâLMMSE ,
(19)
MSEf =
M
where hf denotes the current channel realization for frame f .
For the evaluation of the overall MSE performance we
calculate the average MSE over all frames F . For a hypotheses
size of Ai it is calculated according to
F
1 X
σ MC
=
MSEf .
(20)
Ai
F
f =1

The optimum number of hypotheses Aopt is the number of
hypotheses that minimizes σ MC
Ai , i.e.,
AMC
opt =

argmin
Ai ∈{1,...,Amax }

σ MC
Ai .

(21)

To assess the performance of the adaptive subspace selection
algorithm for different Doppler bandwidths we introduce a
second evaluation method. For this method the frames are
grouped into a number of B equidistant bins. Each bin
b ∈ {1, . . . , B} corresponds to a Doppler support Wt (b) =
(−b/B · νDmax , b/B · νDmax ). For a channel realization f to
belong to the bin b the Doppler support νDf must fulfill
(b − 1)/B · νDmax < νDf ≤ b/B · νDmax . The average MSE
of a bin b ∈ {1, . . . , B} is then calculated by
MSEb =

Fb
1 X
MSEfb
Fb

(22)

f =1

where Fb is the number of frames belonging to bin b and
MSEfb is the MSE of the f -th frame that belongs to bin b.
III. S IMULATION R ESULTS
For the simulations we consider Monte Carlo (MC) simulations with F = 10000 frames for each hypothesis size
Ai . The time-variant flat-fading channel is assumed to have
a DSD with flat support. Thus no error is made by the approximation Rh ≈ R̃h and (8) and (11) provide the optimum
dimension D and D(P) for reduced-rank approximation. The
maximum relative velocity between transmitter and receiver is
vmax = 200 km/h.
For the carrier frequency and the symbol duration we
assume parameters similar to the LTE downlink. We set the
carrier frequency fc = 2.6 GHz and the symbol duration
Ts = 71.43 µs. We simulate frames with M = 42 symbols per
frame which corresponds to three LTE subframes. This leads
to νDmax = 0.0344 and a time-bandwidth product (TBWP)
M νDmax = 1.444. The signal-to-noise ratio (SNR) was set to
10 dB. To gain an intuitive insight on the optimal number
of hypotheses the pilot distance is set to ∆t = 1, i.e., only

pilot symbols are transmitted. This pilot pattern is e.g. relevant
for the pilot subcarriers in 802.11p. The maximum number of
hypotheses tested is Amax = 100 and the number of bins is set
to B = 20 which corresponds to a bin size of 10 km/h. In the
following Fig. 1 we plot the overall average σ MC
Ai dependent
on the hypothesis size Ai .

dimension. For the hypothesis setup ’Dim. mid’ the Doppler
support of the hypotheses is set to the middle of the support
of the hypotheses of ’Dim. max’. A graphical representation
of this setup is shown in Fig. 2.
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Fig. 1. σ MC
Ai vs. hypothesis size Ai for a time-variant frequency-flat channel;
∆t = 1, M = 42, vmax = 200 km/h, SNR = 10 dB

We observe that the overall MSE has a minimum for a
hypothesis size of 14. The minimum corresponds to the optimum number of hypotheses Aopt . A lower number Ai < Aopt
leads to performance degradation, whereas a higher number
Ai > Aopt additionally leads to an increase in receiver
complexity. This is an important insight for the design of
adaptive receiver structures of this kind to save complexity.
The zigzag behavior of the curve is a result of the hypothesis
design and of the properties of the hypothesis test.
Since the optimization process over different hypotheses
sizes Ai takes a long time we tested the performance for
certain hypothesis setups which are presented schematically by
horizontal lines in Fig. 1. The number of utilized hypotheses
is marked by circles of the corresponding color. For the setup
’Max support’ (black curve) we only consider one hypothesis
with maximum Doppler support νDmax . Obviously, assuming
only the maximum Doppler support for channel estimation
leads to a suboptimal estimation performance. This will be
discussed in more detail later on. The setup ’Dim. max’ (green
curve) is a specific setup that depends on the eigenvalue
(P)
distribution of the autocorrelation process R̃h . We choose
the hypotheses in such a way that each hypothesis has a
different dimension D(P) . The support of each hypothesis is
the maximum support that still provides the dimension D(P) .
Specifically, we separate νDmax into Ath = 400 hypotheses
(P)
and calculate for each hypothesis the dimension Dath , ath ∈
{1, . . . , Ath } according to (11). Depending on the eigenvalue
distribution of the current hypothesis, different hypotheses
(P)
(P)
may have the same dimension, i.e., Di
= Dj , i 6= j,
i, j ∈ {1, . . . , Ath }. The hypotheses with the same dimension
are grouped. For the hypotheses set of ’Dim. max’ we take the
hypothesis with maximum support within a group of the same
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0.035

Fig. 2. Doppler support and dimension for the hypothesis setup ’Dim. max’
(green) and ’Dim. mid’ (magenta); ∆t = 1, M = 42, vmax = 200 km/h,
SNR = 10 dB

From Fig. 1 we see that ’Dim. mid’ obtains good performance results. For a pilot spacing of ∆t = 1 it performs similar to the optimum number of hypotheses. The
performance of ’Dim. mid’ depends on ∆t , the TBWP and
SNR. It does not always perform better than the optimum
number of hypotheses, however, it obtains good performance
for different system parameter configurations. Considering Fig.
2, we observe that the number of required hypotheses is only
5 which is less than Aopt . Thus ’Dim. mid’ provides a good
trade-off between estimation performance and complexity. For
the setup only νDmax , M and the SNR are required.
In Fig. 3 we show MSEb versus the Doppler bandwidth
νD for different hypothesis setups. We observe that the setup
’Dim. mid’ performs similar to the setup with the optimum
number of hypothesis. For small νD adaptive subspace selection gains up to 4 dB compared to a hypothesis setup that
only assumes νDmax . This results are similar to [6]. The gain
decreases with increasing νD . For larger Doppler bandwidths
a performance loss compared to the maximum support can
be observed. This performance loss originates from the suboptimal hypothesis choice of â of the hypothesis test. For
performance comparison the Wiener filter (WF) bound with
exact knowledge of Rh is shown, which can be calculated
according to [17, Eq. (6)-(7)].
Finally, Fig. 4 shows MSEb versus Ai for different bins b.
We observe that bins that correspond to lower speeds obtain
a large performance gain when the number of hypotheses
is increased. On the other hand, bins that correspond to
higher speeds obtain a performance loss. Furthermore we see
that depending on the bin the performance does not change
significantly after passing a certain hypothesis size. This also
underlines that increasing the number of hypotheses does not
necessarily provide a better estimation performance.
Further simulation results, that are not provided due to space
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limitations suggest an increase by trend of Aopt with increasing
TBWP and SNR. For ∆t no exact conclusion can yet be given.
IV. C ONCLUSION
In this paper we presented new insights on the numerical optimization of the number of hypotheses for adaptive
reduced-rank channel estimation in time-variant frequencyflat fading channels. We found that the overall MSE shows
a minimum for a certain hypothesis size and presented a
simple hypothesis setup ’Dim. mid’ that provides a good
trade-off between estimation performance and complexity. For
our adaptive channel estimation algorithm only the maximum
Doppler support νDmax , the frame-length M and the SNR are
required, allowing its application for non-stationary (vehicular)
channel estimation.
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