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Channels Using Rays and Graphs
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Pedersen

Abstract—Ray-tracing tools allow for deterministic simulation
of the channel impulse response. Studies show that these tools
work well when the impulse response consists only of a few
distinct components. However, measurements of the channel
impulse response in indoor environments reveal a diffuse tail.
This diffuse tail is difficult to include in ray-tracing due to the
computational complexity. We propose a hybrid model to include
deterministic components and the diffuse tail by combining raytracing with a propagation graph. The recursive structure of
the propagation graph allows for a computationally efficient
calculation of the channel transfer function considering infinitely
many components. We use ray-tracing and the theory of room
electromagnetics to obtain the parameter settings for the propagation graph. Thus the proposed hybrid model does not require
new or additional parameters in comparison to ray-tracing.
Simulation results show good agreement with measurements with
respect to the inclusion of the diffuse tail in both the delay power
spectrum and the azimuth-delay power spectrum.
Index Terms—Indoor environments, radio propagation, raytracing, reverberation.

I. I NTRODUCTION
Modeling of radio channel responses is a prerequisite for the
simulation and emulation of radio channels. Both stochastic
and deterministic models [1] may be applied, depending on the
considered system and objective of the simulation. In general,
the computational complexity of such simulations depends on
the particular channel model. Therefore, to allow for efficient,
yet realistic, simulation of radio channels, it is important to
select an appropriate modeling technique for the phenomenon
under investigation.
In this contribution, we turn our attention to efficient simulation of a phenomenon observed in indoor channel measurements. For measurements with sufficiently large bandwidth
the channel impulse response, or rather the power delay
profile, appears to consist of a number of narrow peaks with
high power and a diffuse component or “diffuse tail” [2]–
[9]. The diffuse tail is sometimes called the dense multipath
component (DMC) [3]–[7]. Overall, the power appears to drop
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off exponentially with delay, and generally the high power
peaks appear in the early part of the response.
The phenomenon has been studied in great detail in the past
two decades and various explanations for the effect have been
considered [2]–[9]. The diffuse tail obviously influences the
root mean square (rms) delay spread. The relevance of the tail
for other parameters in communications, such as directional
spread, capacity/mutual information and the channel diversity
measure, has been investigated in [3], [4], [6], [10]. These
investigations indicate that the tail is typically more important
in non-line-of-sight conditions. The impact of diffuse multipath on indoor positioning has been investigated in [11]. These
observations have motivated the inclusion of the diffuse tail in
several models, e.g. [10], [12] and references therein.
Overall, it is observed that single peaks can be attributed to
propagation via specific “paths” through the environment, with
limited number of interactions or “bounces”. Consequently
these components are efficiently modeled and simulated via
deterministic methods such as ray-tracing. A superposition of a
great many signal components has been considered to simulate
an impulse response which includes a diffuse tail [13], [14].
Those components may originate from propagation paths
considering specular reflections and scattering [13], [15]–[18].
However, it appears that the tail originates from myriads of
components arriving at the receiver after a large number of
bounces, see Fig. 1. Thus the tail may be attributed to a
reverberation phenomenon as described by the theory of room
electromagnetics [8], [9], [19]–[22]. Obviously, modeling of
such a scenario using ray-tracing methods, directly, results in
a high computational load. Furthermore, the great accuracy
with which each component of the diffuse tail is computed
may be in vain for simulation purposes, since there we care
mostly about the combined effect of the whole diffuse tail.
Combinations of ray-tracing with stochastic models have
been proposed to model the channel response. An example is the work in [12] which combines ray-tracing with a
stochastic model. Propagation paths obtained from ray-tracing
considering specular reflections are associated with a “diffuse
multi-path cluster” which is generated stochastically. Another
example is the work [23], where ray-tracing is combined with
a geometric-stochastic approach that places a certain number
of scatterers randomly centered around the interaction points
obtained from specular reflection. One common drawback of
these methods is that parameter settings for their respective
stochastic extensions are obtained by fitting to specific measurements. However, this does not allow to make predictions
of dispersion of the diffuse tail in delay and direction for other
environments.

0018-926X (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAP.2016.2589958, IEEE
Transactions on Antennas and Propagation

2

II. T HE H YBRID M ODEL
We consider the case of a time-invariant linear MIMO channel with a (matrix valued) transfer function H(f ). The signal
propagates via multiple paths from one of the transmitters to
one of the receivers. As in [24] we decompose the transfer
function as
∞
X
H(f ) =
Hn (f ),
(1)

Hn (f ).
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Fig. 1. Measured and simulated delay power spectra from ray-tracing with
specular reflections up to fifth-order or scattering. To increase the delay range
of scattering we considered first-order scattering, first-order specular reflection
followed by scattering and scattering followed by specular reflection as in [10].
The model parameters for diffuse scattering are set according to [26] to the
values of SDif = 0.4 and αDif = 4 for all materials, except for metal. SDif
and αDif are the scattering coefficient and the indicator of the scattering lobe
width, respectively. A total of ≈ 48000 scattering paths are considered.

where ns is referred to as the switching order. In cases, where
it is not possible or inconvenient to model the two terms by
the same method, it seems obvious to use a hybrid approach
with one method for the first term and another for the second.
In such a hybrid model, the number ns determines the order
of interaction where we switch from one model to the other.
In the case of indoor channels, the first term H0:ns (f ) may
be modeled by ray-tracing for reasonably low ns . Ray-tracing
is, for reasons of computational complexity, not practical to
model the second term Hns +1:∞ (f ) since it accounts for an
unbounded number of paths. It is typically not of interest to
model the exact behavior of each of these paths as would
be done by ray-tracing. It is however important to model the
behavior of Hns +1:∞ (f ) as a whole. Therefore, the second
term is modeled by means of a propagation graph which takes
into account infinitely many propagation paths. Due to these
considerations, we propose a hybrid model with the transfer
function defined as
HHY (f ) = HRT,0:ns (f ) + HPG,ns +1:∞ (f ),

(4)

(2)

(3)

A. Used Ray-tracing Tool
We base our investigation on a three-dimensional (3D) raytracing tool proposed in [10], [27]. Ray-tracing relies on the

where Hn (f ) denotes the contribution of all paths with exactly
n interactions. Thus H0 (f ) is the contribution of the line-ofsight (LOS) path and H1 (f ) is the transfer function composed
of all paths with single-order interaction. Furthermore, it is
convenient to consider the partial responses defined as [24]
HK:N (f ) =

Measurement
Ray-tracing spec. refl. 5th-order
Ray-tracing, only scattering

−10

where the subscripts HY, RT, and PG refer to the hybrid model, ray-tracing and propagation graph, respectively.
The transfer function HRT,0:ns (f ) of ray-tracing contains
propagation paths of zero-order interaction (LOS) and paths
with up to ns interactions (specular reflections, penetration,
and diffraction). The transfer function HPG,ns +1:∞ (f ) of the
propagation graph corresponds to all higher-order interactions
and constitutes the diffuse tail. By this way, we simulate the
diffuse tail of the overall channel, and not the tail of individual
components as in [12], [23].

n=0

N
X

0

E[|h(τ )|2 ] [dB]

An alternative model proposed in [24] effectively represents
the channel impulse responses of reverberant channels as a
propagation graph. The recursive structure of the graph allows
for a computationally efficient simulation of an infinite number
of bounces and represents the diffuse tail well.
These considerations motivate our interest in designing a
hybrid model considering both deterministic propagation paths
and a diffuse tail. In the present contribution, we propose
to combine ray-tracing with the propagation graph to obtain
a computationally efficient simulation model. Moreover, we
utilize the strength of both models, i.e. ray-tracing provides the
deterministic components and the propagation graph generates
the diffuse tail. The original work in [24] introduces the propagation graph modeling framework. The work discusses how to
represent various stochastic models in the propagation graph
framework. Here we build upon the propagation graph model
obtained from the geometric stochastic representation in [24].
In comparison to [24], we utilize ray-tracing together with
room electromagnetics to obtain all parameter values for the
propagation graph from the environment description used for
ray-tracing. In particular positions of vertices in the graph are
generated deterministically via ray-tracing instead of an originally proposed stochastic placement. This placement strategy
aims at a more realistic generation of the directional behavior
of the diffuse tail. It mimics the observations described in
[2], [10], [25] that the diffuse components are related to or
follow the specular components. Furthermore, the decay rate
of the diffuse tail is predicted with room electromagnetics
[21], [22]. This predicted decay rate is used to set gain
values in the propagation graph. The proposed hybrid model
does not require additional parameters in comparison to raytracing only. The predicted channel responses obtained from
the hybrid model show good agreement with measurements.
In particular the dispersion in delay and direction of the
deterministic peaks and the diffuse tail are well represented.

n=K

With this definition, we have
H(f ) = H0:ns (f ) + Hns +1:∞ (f ),
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description of the geometry and electromagnetic properties
of the indoor scenario along with the radiation patterns of
the considered antennas. The propagation mechanisms taken
into account are: LOS, reflection, penetration, diffraction and
scattering. The complex dyadic reflection and penetration
coefficients are calculated applying Fresnel formulas [28],
while diffraction is implemented using the uniform theory
of diffraction (UTD) [29]. The scattering components aim
to model reflections on rough surfaces or non-homogenous
materials. Scattering can be implemented by dividing the
surfaces into multiple tiles, whose sizes are determined by
recursively dividing the surface until the far field condition is
satisfied for each tile [27], [30]. A directive scattering pattern
model, which assumes that the scattering lobe is steered
towards the direction of the specular reflection [17], is used
to evaluate the amplitude of the diffuse scattering field. Based
on the assumption that the scattered rays are incoherent, a
uniformly distributed random phase is associated with each
scattering ray [10]. However, we consider diffuse scattering
only in Fig. 1 to demonstrate that under typical computational
restrictions one cannot recreate the diffuse tail1 .
In the hybrid model we limit ray-tracing to only consider
LOS, specular reflection, diffraction and penetration propagation mechanisms to obtain the channel transfer function
HRT,0:ns (f ) for paths up to order ns . The diffuse tail is
generated by the propagation graph described in the next
subsection.
B. Propagation Graphs
The model proposed in [24] mimics reverberation effects by
means of a directed graph [31], called a propagation graph.
In a propagation graph, vertices V = Vt ∪ Vr ∪ Vs represent transmitters (in Vt ), receivers (in Vr ) and scatterers (in
Vs ). Edges in the graph represent the propagation conditions
between vertices. An edge is denoted by an ordered pair of
vertices e = (v, v ′ ). Thus the edge set E is a subset of V × V.
The edge set E is partitioned into four subsets, i.e. Ed the set
of transmitter-receiver edges, Et transmitter-scatterer edges,
Er scatterer-receiver edges, and Es scatterer-scatterer edges,
respectively. Signals propagate via the edges of the graph.
Thus, to each edge e ∈ E we associate a transfer function
Ae (f ). For convenience we set Ae (f ) = 0 for an e being
a vertex pair not in E. The transmitter vertices emit a signal
into their outgoing edges and the receiver vertices sum up
the signals impinging via their ingoing edges. The scatterer
vertices sum the signals via their ingoing edges and re-emit
this into the outgoing edges. An illustration of the propagation
graph can be found in [24].
The transfer function HPG (f ) can be derived analytically
[24]
HPG (f ) = D(f ) + R(f )[I − B(f )]−1 T(f ),

(5)

where the transfer matrices D(f ), T(f ), R(f ) and B(f )
contain the edge transfer functions of Ed , Et , Er , and Es ,
respectively. An overview on the construction of the transfer
1 The used parameter values for diffuse scattering are specified in the caption
of Fig. 1.

matrices can be found in Appendix A or in more detail in [24].
The expression in (5) is obtained by solving the Neumann
series generated by the recursive structure of the graph. In a
similar way, expressions for the partial transfer function can be
obtained [24]. In this manuscript we consider partial transfer
functions accounting for interactions from ns + 1 to infinity:
HPG,ns +1:∞ (f ) = R(f )Bns (f )[I − B(f )]−1 T(f ).

(6)

It should be noticed that the full response of the propagation
graph in (5) is recovered for ns = 0 and by adding the edges
corresponding to the direct propagation D(f ). This analytic
expression of the transfer function allows for an unbounded
number of interactions, as it is typically the case when
the reverberation effect occurs. This allows us to simulate
explicitly the later part of the diffuse tail with the propagation
graph.
To use the propagation graph for simulation, we must specify the edge transfer functions. Here we follow the example
given in [24], where a geometric position rv , associated to
each vertex v ∈ V, is used to define the edge transfer function
as
(
ge (f ) exp(−j2πτe f ); e ∈ E
Ae (f ) =
(7)
0;
e 6∈ E.
where τe = krv − rv′ k/c and c is the speed of light. The
phases of the complex gains in Ae (f ) are solely defined via
the edge delays to simplify the multi-antenna case. Otherwise
random phases added to the edges as in [24] would require
a separate treatment for e ∈ Et and e ∈ Er . The edge gains
{ge (f )} are defined as
 1
e ∈ Ed

(4πf τe )2 ;


−2

τ
1

e
· S(E
; e ∈ Et
t)
t)
(8)
ge2 (f ) = 4πf µ(E
−2
τ
1
e

·
;
e
∈
E

r
4πf
µ(E
)
S(E
)

r
r

 g2 (f )
;
e ∈ Es
odi(e)

where odi(e) denotes the outdegree (number of outgoing
edges) of the initial vertex of edge e and for any E ′ ⊆ E
X
1 X
µ(E ′ ) = ′
τe
and
S(E ′ ) =
τe−2 , (9)
|E |
′
′
e∈E

e∈E

with | · | denoting cardinality.
With the propagation graph we do not aim to model
propagation mechanisms of a single propagation path physically correct as is done in ray-tracing (specular reflection,
diffraction, etc.). We only focus on modeling the reverberation
phenomenon, i.e. we are concerned with the overall physical
propagation mechanisms which lead to the diffuse tail. The
propagation graph mimics the reverberation phenomenon with
a geometric stochastic approach, since we typically cannot distinguish between specific interactions and propagation
mechanisms in the diffuse tail. Thus the edge gains, except
for e ∈ Es , in (8) depend on the distance (delay). This leads
to partial channel transfer functions of the propagation graph
with distance dependent power levels. We aim at power levels
similar as in ray-tracing for appropriately combining the partial
transfer functions in the hybrid model. Considering this, the
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g 2 (f ) ≈ e− Trev (f ) ,

Wood
Glass
Metal
Blackboard
Concrete

9
8
7
6

Rx

5

5.7

4

5.65

3

Tx

2

Width [m]

Width [m]

proposed edge gains for e ∈ Ed correspond to Friis’ equation
with isotropic antennas. In a similar manner the product of the
edge gains of e ∈ Et and e ∈ Er should resemble Friis equation
considering first-order interactions. This would require to
sum the distances (delays) from transmitter to scatterer and
scatterer to receiver. However, this is not easily achieved in
the graph, in particular for higher-order interactions when any
e ∈ Et is connected via e ∈ Es to any e ∈ Er . Thus we
approximate the sum of specific distances by considering the
average delays µ(Et ) and µ(Er ) for the edge delays from
transmitter to scatterer and scatterer to receiver. In addition
we weigh the edges according to their deviation from the
mean of the squared distances to reflect smaller or larger edge
τe−2
τe−2
delays via the terms S(E
and S(E
. Note that this choice
t)
r)
of approximation for the edge gains ensures an appropriate
power level of the diffuse tail2 . The edge gains e ∈ Es are
characterised by the decay rate of the diffuse tail. This allows
for a simple approximation of the slope. In comparison to
[24], we extend the edge gains to be frequency dependent and
approximate them as
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Fig. 2. The considered room with interaction points (blue circles) up to
third-order specular reflections obtained from ray-tracing. Line-of-sight and
first-order paths are indicated. The considered virtual array with antenna
displacement of 1 cm is shown.

(10)

where Trev (f ) is a frequency dependent reverberation time
which is one of the parameters to be specified. We detail
in Section III-C a method to predict Trev (f ) from the environment description required for ray-tracing. Note that g(f )
depends on the average delay between scatterers and thus is
a random variable when edges between scatterer vertices are
obtained stochastically.
Vertice positions and corresponding edge sets can be generated stochastically as in [24] or as we propose in Section III
as a combination of deterministic information from ray-tracing
and a stochastic edge set generation.
III. PARAMETER S ETTINGS

FOR THE

H YBRID M ODEL

We propose a selection of the parameters for the hybrid
model such that in comparison to ray-tracing there are only
few additional parameters. These parameters are obtained
either from ray-tracing results or the theory of room electromagnetics.

(a)

A. Settings for Ray-tracing
The geometric and electromagnetic parameters for raytracing are given by the considered environment. Note that it
is a wide-spread practice in the literature to “refine” parameter
settings in ray-tracing, e.g. the considered maximum order of
interactions, electromagnetic parameters, etc. by comparison
to measurements. Here we avoid this practice since our focus
is on testing the prediction capability of the proposed hybrid
2 We considered to utilize the radar range equation instead of the proposed
approach. However, the diffuse tail is a mixture of specular reflections and
scattered components, as such the simulated power level of the diffuse tail
appears to be too low when considering the radar range equation. Note that
in other applications the radar range equation may be better suited.

(b)
Fig. 3. The measurement environment shown in (a) from lower right corner
and in (b) from upper left corner of the room
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where we average the received power of the antennas within
each sub-array to suppress small scale fading. The mean delay
µRT,n,s and rms delay spread σRT,n,s are the first- and secondorder moments of the delay power spectrum

TABLE I
PARAMETERS SETTINGS OF THE HYBRID MODEL
Material

εr

σ (S/m)

Si (m2 )

ai

Concrete
Wood
Glass
Metal (PEC)

6
2.1
5.5

0.08
0.05
0

144.36
18.16
15.79
27.43

0.39
0.46
0.4
0

Mean outdegree E[odiVs ]
Switching order ns
Reverb. time Eyring Trev (fc )

PRT,n,s [ℓ] =

5
3
22.9 ns

|IDFT {HRT,0:n,s,a [i] W [i]} [ℓ]|2 . (13)

model. Instead, we set the electromagnetic parameters according to values from literature [10], [32].
We reconstruct the scenario according to the measurement
environment shown in Fig. 2 and Fig. 3. We make a few simplifications in the reconstruction for ray-tracing. One example
is the cylindrical pilar shown in Fig. 3a which is reconstructed
as a cuboid. The blocks, including doors, walls and pillars,
are made of different materials, such as concrete, metal, wood
and glass. Metallic blocks, i.e. the radiators, the door, and
the blackboard, are considered as a perfect electric conductor
(PEC). The values of relative permittivity εr and conductivity
σ of other materials are presented in Table I. In the simulations
the transmitter and receiver antennas are assumed to be ideal
omnidirectional dipoles.
B. Setting of the Switching Order ns
One parameter of the hybrid model, common to ray-tracing
and the propagation graph, is the switching order ns . Typically
the computational complexity sets an upper limit to ns in raytracing. However, we consider channel characteristics obtained
from ray-tracing such as the simulated received power, mean
delay and root mean square (rms) delay spread to select a
value for ns . We select ns by considering only simulations, i.e.
we do not compare to measurements in the selection process.
We find the setting for the switching order by increasing ns
until the relative difference between the simulated received
power, mean delay and rms delay spread obtained from
HRT,0:ns (f ) and HRT,0:ns +1 (f ) are below a certain threshold.
This procedure allows us in the hybrid model to stop raytracing as soon as the additional contributions are below this
threshold.
For the comparison of channel characteristics we consider
the discretized channel transfer function obtained from raytracing as
HRT,0:n,s,a [i] = HRT,0:n,s,a (fc −

I−1
2 ∆f

+ i ∆f ),

(11)

where i is the frequency index of I frequency samples
separated by ∆f in the frequency band centered around fc .
We partition the 175 receive antennas shown in Fig. 2 into
seven non-overlapping sub-arrays indexed with s. Each subarray consists of As = 5 × 5 antennas indexed with a. The
received power is obtained for each subarray
PRT,n,s =

As
I−1
1X
1 X
|HRT,0:n,s,a [i]|2 ,
As a=1 I i=0

As
1 X
As a=1

(12)

IDFT { · } is the inverse discrete Fourier transform with respect to i and W [i] denotes a Hann window introduced to
reduce sidelobes. PRT,n,s [ℓ] is similarly discretized as (11)
1
with ∆τ = I ∆f
and index ℓ. To estimate mean delay and rms
delay spread we consider only samples of PRT,n,s [ℓ] exceeding
−70 dB3 from the peak power in PRT,n,s [ℓ].
We calculate the ratio of the additional power generated by
the nth interaction over the total power as
RP,s (n) =

PRT,n,s − PRT,n−1,s
.
PRT,n,s

(14)

In a similar manner as (14) we calculate the ratios Rµ,s (n)
and Rσ,s (n) for the mean delay and the rms delay spread,
respectively. For the choice of the switching order ns , we
consider a threshold of 1% (or −20 dB) to be an appropriate
choice.
The results of this simulation study are shown in Fig. 4
and summarized here. We observe a sharp increase of the
rms delay spread up to order three. After that stabilizes the
rms delay spread quickly. A variation of approx. 2 ns is
observed among subarrays as fading is not entirely removed
by the spatial averaging procedure. As expected from the
observed rms delay spread values, the ratio Rσ,s (n) has large
values at lower order of interactions and decreases quickly.
The trends of received power and mean delay are similar
to the rms delay spread, however their respective ratios are
clearly below −20 dB from third-order interactions onwards.
Therefore, we omit presenting these figures. Note that we
simulate up to fifth-order of interactions to illustrate the trend
of the channel characteristics and provide the reader with a
better intuition even though the threshold is already achieved
earlier. For the received power we observe that the LOS
component carries a large portion of the total power. The
total power increases only marginally. The total change is
approx. 2.2 dB from LOS only to fifth-order interaction. The
mean delay and the rms delay spread, which characterize the
delay dispersion, are more sensitive to the order of interaction
than the received power. However, as mentioned and shown in
Fig. 4, only the rms delay spread appears to provide relevant
ratios for higher-order interactions. Considering the impact of
increasing order on the estimated rms delay spread values, we
observe in Fig. 4b that the change is similar or less than the
variation among sub-arrays from third-order onwards. Thus the
3 In the simulation study to obtain n we are not limited by measurement
s
noise. Thus we choose this large dynamic range to include as well weaker
components. One of our previous simulation studies for reverberant models
has shown that dynamic ranges > 30 dB are required such that the estimated
rms delay spread coincides with the theoretical value, namely the decay rate
of a “simulated” exponentially decaying tail.
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Fig. 4. Rms delay spread (a) for different number of interactions simulated by ray-tracing. The ratio of additional rms delay spread is shown in (b) for various
number of interactions. The assumed threshold of 1% corresponds to -20 dB.

additional contributions appear to be marginal with increasing
order of specular interaction in ray-tracing and cannot account
for the observed diffuse tail.
Considering these results, we choose in our particular case
ns = 3 for the hybrid model. Note that this is not a
general value to be considered for all environments, however
a simulation study with ray-tracing, as proposed here, can be
used to find the appropriate value.

Rx

Tx

C. Settings for the Propagation Graph
1) Position of Vertices: The positions rv of scatterer vertices Vs in the graph are obtained from the set of interaction
points calculated by ray-tracing. This inherently defines |Vs |.
We focus on the first and last interaction points of the
propagation paths since these characterize the main features
of the directional power spectra seen from the transmitter
and receiver. Note that this keeps the number of scattering
vertices low and thus the size of matrix B(f ) small, in
particular for ns > 2. This is beneficial for the computational
complexity as B(f ) needs to be inverted. Fig. 5 indicates a few
propagation paths originating from first- to third-order specular
reflections, together with the interaction points on the walls of
a rectangular room. These interaction points are obtained from
ray-tracing for antenna position 88, indicated in Fig. 2 by the
red dot. All 175 receive antennas are considered as receiver
vertices in the propagation graph.
2) Edge Sets: The edge set Et is obtained from ray-tracing
and contains the edges from the transmit vertices to the
scattering vertices corresponding to the first interaction points,
see Fig. 5. Similarly the edge set Er contains all the edges
from the subset of scattering vertices corresponding to the last
interaction points to the receiver vertices. Er is created for
all receive vertices according to ray-tracing results of antenna
position 88. Choosing edges in Es deterministically requires
a large number of visibility checks, i.e. |Vs |(|Vs | − 1). For
the purpose of generating the diffuse tail it is computationally
simpler to interconnect scattering vertices stochastically as

Fig. 5. Representation of the edges of the graph. Some of the first, second
and third-order interaction points obtained from ray-tracing are included in
red, green, and blue, respectively. Solid and dotted lines correspond to parts
of paths obtained from ray-tracing which, respectively, are used or not used
in the propagation graph. We only consider the first and last interaction points
thus the crossed out interaction point of the third-order propagation path is not
part of the graph. Dashed lines indicate edges with probability of visibility
Pvis . The double arrows graphically indicate edges in both directions. For
clarity we omit some possible edges.

in [24]. In this case, edges in Es are drawn independently
with probability Pvis , see the grey dashed edges in Fig. 5.
Furthermore, we apply the additional restriction that we do
not allow edges between vertices on the same surface.
As shown in Appendix B, the choice of Pvis controls, via
the mean outdegree E[odiVs ] of scatterer vertices the rate by
which signal components arrive at the receiver. In particular,
if E[odiVs ] = (|Vs | − 1)Pvis > 1 the rate will increase
exponentially with the number of interactions. Oppositely,
for E[odiVs ] < 1, the rate decreases exponentially. Thus,
motivated by this direct impact on the rate, we follow the
approach to specify the mean outdegree and use this to set Pvis .
We observe by (10) that E[odiVs ] can be set without affecting
the power decay of the tail. Therefore, the power decay
exponent and the arrival rates may be adjusted independently.
From our experience, the setting of E[odiVs ] is not overly
critical with respect to generating a diffuse tail. With that in
mind, we take the simplistic approach to set E[odiVs ] = 5,
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we obtain the average absorption coefficient by averaging the
specular reflection coefficients over all incoming angles θ as:

25

20

ai (f ) =

Z

Trev (f ) [ns]

0

15

10

5

Pred. Eyring
Pred. Bamba et al.
Estimate

0
0

2

4

6

8

10

12

Frequency [GHz]

Fig. 6. Predicted reverberation time Trev (f ) considering the proposed
method with Eyring’s model and the empirical model by Bamba et al. [33].
The estimated reverberation time for the considered center frequency and
bandwidth is included. This value and similar not shown estimates for other
center frequencies are close to our predicted value and do not show the
frequency dependency predicted by Bamba et al. [33].

corresponding to assuming a room with 6 plane walls and that
a scatterer vertex placed on one wall can see one scatterer at
each of the other walls. However, for some applications where
accurate modeling of the arrival rate is needed a more careful
setting of this parameter could be considered.
3) Edge Gains: The edge gains for e ∈ Ed , e ∈ Et , and
e ∈ Er are specified in (8). The edge gains e ∈ Es are obtained
from (10) with a predicted value of the reverberation time. We
obtain this predicted value by utilizing room electromagnetic
models [8], [9], [19], [20] which we detail in the following.
The reverberation time can be predicted using reverberation
models, e.g. by Sabine [34] or Eyring [35]. The input parameters of these models are the volume, surface area and average
absorption coefficient of the room. Results in [19] indicate that
for room electromagnetics the average absorption coefficient
is typically in a range where Eyring’s model predicts the
reverberation time more accurately than Sabine’s. Thus we
focus on Eyring’s model [35] which predicts the reverberation
time as
−4 V
Trev (f ) =
(15)
c S ln(1 − ā(f ))
with the room volume V , total surface area
X
Si ,
S=

(16)

π
2

(1 − 21 (|Γh,i (θ, f )|2 + |Γv,i (θ, f )|2 ))
cos(θ) sin(θ)dθ.

(18)

The plane wave reflection coefficients for horizontal and
vertical polarization, denoted as Γh,i (θ, f ) and Γv,i (θ, f ), are
calculated according to the Fresnel formulas [28]. The integral
in (18) is solved numerically for all materials in the room
considering their respective electromagnetic properties.
Note that Eyring derived his model under the assumption of
specular reflections using the mirror theory for different room
shapes, e.g. spherical, cylindrical, cuboid. Thus reconstructing
for ray-tracing a specific room with all its material properties
allows to predict the exponential decay rate. We calculate the
respective absorption coefficients based on the materials’ relative permittivities and conductivities using (18) and report in
Table I their total visible surface areas. With these parameters
we predict the reverberation time using Eyring’s model (15)
versus frequency. As shown in Fig. 6, the proposed prediction
method of Trev (f ) shows practically no frequency dependency
in the considered frequency band. Thus we consider Trev (f )
to be constant in our simulations and evaluate it at fc . This
is different to the empirical model by Bamba et al. [33]
for Trev (f ), which shows a clear frequency dependency (see
Fig. 6).
Not shown here, we conducted a similar investigation as
in [33] to estimate Trev (f ) for sub-bands filtered with a
Hann window (500 MHz bandwidth). The center frequencies
of the sub-bands are chosen to cover the total measurement bandwidth. The estimated reverberation times from our
measurement data do not agree well with the frequency
dependency predicted by [33]. Although the estimates vary
over the entire measurement bandwidth and are typically
below our predictions, a frequency flat model appears to be
more appropriate for our data. The discrepancy between our
estimates, the proposed prediction method and the empirical
model by Bamba et al. [33] may be due to the frequency
dependency of materials in the different environments. Note
that frequency dependent material properties, if available,
can be readily included in the proposed prediction method.
The proposed hybrid model can easily accommodate such a
frequency dependency in case this is found necessary for other
propagation scenarios.
IV. M EASUREMENT S ETUP

i

considering surface i with area Si , speed of light c and average
room absorption coefficient
P
Si ai (f )
.
(17)
ā(f ) = i
S
We predict the average absorption coefficient of the different
surface areas by the method proposed in [21], [22] relying on
the electromagnetic properties of the materials. For surface i

We use a subset of the measurements reported in full detail
in [36] to validate the proposed hybrid model. The considered
measurements were obtained with a single antenna at the
transmitter and a virtual planar array at the receiver in a room
with dimensions 6.2 m × 9.5 m × 3.5 m, see Figs. 2 and
3. The virtual array consists of 175 grid points with 1 cm
spacing as shown in Fig. 2. Self-made dipole-like antennas,
made of Euro-cent coins have been used at the transmitter
and receiver. These antennas have an approximately uniform
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TABLE II
S ETTINGS OF THE MEASUREMENTS AND THE POST PROCESSING
Measurement

Value

Transmit power
Chip clock rate
Chip sequence length in samples
Full measurement bandwidth
Maximum excess delay

18 dBm
6.95 GHz
4095
3.1 GHz to 10.6 GHz
589.2 ns

Post processing

7 GHz
2 ns
1
175

Measurement
Ray-tracing
Hybrid Model
Propagation Graph

−10
−15
E[|h(τ )|2 ] [dB]

PSim
PMeas

Power Ratio
Mean delay µ [ns]
Rms delay spread σ [ns]

RT0

RT0:3

Hybrid

Meas.

0.38
–
–

0.63
20.2
8.2

0.69
24.6
16.7

–
28.7
17.35

for the simulated data for easy comparison.

0
−5

−20
−25
−30
−35
−40
−45
−50
20

Estimates

Value

Carrier frequency fc
Pulse width Tp of Hann pulse
Number of Tx antennas NTx
Number of Rx antennas NRx

0

TABLE III
E STIMATES FROM MEASUREMENTS AND SIMULATIONS OF RAY- TRACING
CONSIDERING ONLY LOS, UP TO THIRD - ORDER AND THE HYBRID MODEL .

40

60
τ [ns]

80

100

120

Fig. 7. Measured and simulated delay power spectra. Around 120 ns the
contribution of the noise in the measurements is clearly visible in the change
of the slope in comparison to the noise-free simulations.

radiation pattern in the azimuth domain and zeroes in the
direction of floor and ceiling.
The channel was measured with a UWB channel sounder
developed by Ilmsens as described in [37], [38]. The measurement principle is correlative channel sounding. A binary
code sequence with suitable autocorrelation properties (a large
peak-to-off-peak-ratio) is transmitted over the channel. At
the receiver, the channel impulse response is recovered by
correlation with the known code sequence. Transfer functions
of connectors, cables, and the device itself have been calibrated
out. The transmit and receive antennas are considered to be
part of the propagation channel. A static environment has been
ensured during the measurements, i.e. there have been no
moving persons or objects. In the postprocessing, we select
a frequency band with center frequency fc and bandwidth
B = 1/Tp by filtering with a Hann pulse with pulse duration
Tp . Details on these parameters can be found in Table II.
One characteristic of this particular measurement system is
that the measured responses are not obtained in absolute powers. The measurement data is normalized such that the early
and strongest peak in delay power spectrum, corresponding to
the line of sight path, is unity. The same normalization is done

V. R ESULTS
In the following we present the simulation results predicted
by the hybrid model and compare them to the measurements.
In particular we focus on the delay power spectra and the
azimuth-delay power spectra. The measurement bandwidth
was reduced to fulfill the narrowband array assumption and
to apply a conventional Bartlet beamformer to estimate the
azimuth-delay power spectra. For details on the estimation
procedure see Appendix C.
Fig. 7 shows the measured and simulated delay power
spectra, obtained by averaging over the 175 receive antennas.
From these delay power spectra we estimated values for the
mean delay and rms delay spread. We consider a threshold of
−30 dB from the peak power due to noise limitations in the
measurements. These estimates are reported in Table III together with the power ratio of simulated power over measured
power. The power is estimated similar as in (12), except we
consider the average over all antennas. Note that our particular
normalization to the line of sight propagation path allows for
such a comparison.
Azimuth-delay power spectra obtained from measurements
and simulations are shown in Fig. 8. The figures also include
the azimuth of arrival angles and the delays for the propagation
paths obtained with ray-tracing. The result of the hybrid
model is shown in Fig. 8b, which is achieved from the partial
responses of ray-tracing and the propagation graph in Fig. 8c
and Fig. 8d, respectively.
We do not provide estimates of the rms azimuth spread.
High sidelobes from the beamformer strongly influence the
results. The high sidelobes are due to the particular geometry
of the used array. The sidelobes can be seen in the azimuthdelay power spectra considering the LOS component (indicated with a black circle around the cross) in Fig. 8. At a
delay of approx. 15 ns we observe the main lobe at approx.
−45◦ . Multiple peaks from sidelobes are observed just around
these −45◦ . Due to the array geometry the sidelobes do not
roll off and thus we see strong peaks at approx. −130◦ and
40◦ as well.
VI. D ISCUSSION
The delay and azimuth-delay power spectra estimated from
the measurements show some low power contributions prior to
the LOS component in Fig. 7 and Fig. 8a, respectively. These
contributions are possibly caused by insufficient calibration
data. We consider these contributions as negligible for our
investigations.
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Fig. 8. Azimuth-delay power spectra from measurements (a) and models (b)-(e). The azimuth-delay power spectra of the different subfigures are shown
for (b) the hybrid model as HRT,0:3 (f ) + HPG,4:∞ (f ), (c) ray-tracing only HRT,0:3 (f ), (d) propagation graph only HPG,4:∞ (f ), and (e) ray-tracing
only HRT,0:5 (f ). The crosses mark the propagation paths’ angles and delays simulated with ray-tracing for the respective order of interaction ((a) to (d)
third-order and (e) up to fifth-order). The combination of a circle and a cross marks the line-of-sight component.
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A. Dispersion in Delay
Referring to Table III, 38% of the measured power is
contained in the LOS component; ray-tracing up to third-order
interactions covers 63%; and the hybrid model captures 69%.
The missing power may be contained in some missing specular
components or the simulated ones have too low power, see
Fig. 7. Although most of the power is contained in a few deterministic paths, the dispersion in delay is not modelled well
considering ray-tracing only. Ray-tracing achieves only 47%
of the measured rms delay spread whereas the hybrid model
has 96%. Considering that 38% of the total measured power is
contained in the simulated LOS component, it becomes clear
that the importance of the diffuse tail, with respect to received
power and the rms delay spread, is even more pronounced in
non-LOS situations.
As expected from the reported rms delay spread values
in Table III, it appears from Fig. 7 that the diffuse tails of
the delay power spectra of the measurements and the hybrid
model coincide. The early “deterministic” peaks, simulated
with ray-tracing appear at the same delays as observed in the
measurements. However, the power of some of the simulated
peaks differs from the measurements. A better calibration of
relative electromagnetic properties for some of the materials
used in ray-tracing may improve the similarity in power. However, we intentionally did not fine-tune/fit the electromagnetic
properties to the measurement data in order to rely only on
model predictions.

The azimuth-delay power spectrum obtained from the propagation graph provides the contributions for the diffuse tail,
see Fig. 8d. We observe that the diffuse contributions spread
out in delay according to the main directions of the scattering
vertices provided by ray-tracing, e.g. −150◦, −50◦ , 75◦ , etc.
This is in accordance with previous observations and models
proposed in [10], [12], [25] and their respective references.
The results for the hybrid model are shown in Fig. 8b. For
a detailed analysis we may consider the delay dispersion in
the azimuth range from 50◦ to 150◦ . It appears that the hybrid
model lacks some power at approx. 100◦ to provide a better
visual fit to the measurements in Fig. 8a. On the other hand
around −150◦ , the simulations exhibit more power in comparison to the measurements. Additionally, the measurements have
contributions around −120◦ following the above mentioned
missing component from a fourth-order interaction. In general,
our measurements do not show a focus of the delay dispersion
to a few main angles as suggested by our simulations and the
proposals in [10], [12], [25]. It appears the power is more
dispersed in direction. Note that it is clear that the proposed
model cannot achieve an exact match of the spectra as i)
edges are generated stochastically in the propagation graph
and ii) receiving angles are limited to the interaction points
considered in ray-tracing. Considering this we perceive the
simulated diffuse tail as an overall good representation of the
measurements.

B. Dispersion in Angle
As mentioned in Section V, the array geometry leads
to beamforming results with high sidelobes. Therefore we
do not report the narrowband azimuth power spectrum and
estimates of the rms angular spread. Instead, we rely on visual
comparison between the azimuth-delay power profiles.
When inspecting the azimuth-delay power spectrum estimated from third-order ray-tracing in Fig. 8c, we see that raytracing does not capture the diffuse tail and its directional
behavior. Even for ray-tracing up to fifth-order, the tail is
not covered, see Fig. 8e. This is expected, considering our
observations with respect to the delay dispersion. We see
from Fig. 8a that the early “deterministic” components up
to third-order are a good match in angle and delay. The
power of several of the components appears to be stronger
in the measurements, see Fig. 8a vs. Fig. 8c. This is similar
to what we observed for the delay power spectrum and
might be improved with a dedicated calibration procedure
for ray-tracing in this environment. The azimuth-delay power
spectrum obtained from the measurements exhibits only a
few peaks which are not covered by ray-tracing up to thirdorder interactions. Not covered is one particularly strong peak
at approximately −120◦ and 65 ns. Upon investigation, this
strong peak appears to be a propagation path generated by
four bounces and is consequently not included when raytracing is limited to order three. The path is generated by
specular reflections, first on glass (internal wall at 6 m), then
the metallic blackboard, glass (window to outside) again, and
finally the wall framing the window. Fig. 8e includes this peak.

VII. C ONCLUSION

In this paper we presented a hybrid model for the simulation
of indoor reverberant channels. The hybrid model consists of
two parts. Part one is ray-tracing to model deterministic components and part two is the propagation graph which generates
the diffuse tail in the channel impulse response. All parameters
of the propagation graph are obtained from the environment
description via ray-tracing and room electromagnetics. We
proposed a method to select the scattering vertices of the
graph such that the obtained azimuth-delay power spectrum
of the diffuse tail is similar to the one from measurements.
The recursive structure of the propagation graph yields an
efficient simulation of the diffuse tail. The selection of only
the first and last interaction points of ray-tracing allows us to
keep the computational complexity low. The usual problem in
ray-tracing is the choice of the order of interactions. Different
metrics were investigated for this purpose, i.e. received power,
mean delay and rms delay spread. We found that ray-tracing
up to third-order and the propagation graph from fourth-order
to infinity is a sufficient choice for our scenario.
Our simulation results, obtained by prediction only, show
good agreement to measurements. In particular the diffuse
tail is well predicted with respect to its decay rate and its
directional behavior.
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D EFINITION

OF THE

A PPENDIX A
P ROPAGATION G RAPH ’ S T RANSFER
M ATRICES

The transfer matrices are defined in [24] according to
D(f ) ∈ C|Vr |×|Vt |

connecting Vt to Vr ,

(19)

R(f ) ∈ C

|Vr |×|Vs |

connecting Vs to Vr ,

(20)

T(f ) ∈ C

|Vs |×|Vt |

connecting Vt to Vs , and

(21)

B(f ) ∈ C

|Vs |×|Vs |

interconnecting Vs ,

(22)

with entries defined as the edge transfer functions in (7). For
matrix B(f ),
(
Ae (f ), e = (vn , vn′ ) ∈ Es ,
[B(f )]nn′ =
(23)
0
otherwise,
i.e., entry n, n′ of B(f ) is the edge transfer function from
scatterer vertex vn to vertex vn′ provided edge (vn , vn′ ) is in
the edge set Es and zero otherwise. The matrices T(f ), R(f )
and D(f ) are defined in a similar manner.
A PPENDIX B
T HE P ROPAGATION G RAPH ’ S A PPROXIMATE N UMBER OF
C OMPONENTS WITH I NTERACTION O RDER n
Considering a stochastic edge set generation, we approximate the number of components for one pair of transmitter and
receiver vertices for interaction order n. We assume independent generation of edges in Et , Es , and Er with probability of
visibility Pvis,t , Pvis , and Pvis,r , respectively. For zeroth-order,
the approximate number of components corresponds to the
probability of LOS in the propagation graph. The approximate
number for first-order interactions is
E[NPG (1)] ≈ E[odiVt ] Pvis,r ,

(24)

where E[ · ] is the expectation operator, E[odiVt ] is the expected number of edges from the transmitter to scatterer
vertices which will reach the receiver vertice with Pvis,r . The
expected number of edges from transmitter to scatterer, also
denoted as the mean outdegree of the transmit vertices, is given
as E[odiVt ] = |Vs |Pvis,t . Similarly, we obtain the approximate
number of paths for the second-order interaction as
E[NPG (2)] ≈ E[odiVt ] E[odiVs ] Pvis,r ,

(25)

where E[odiVs ] is the mean outdegree of scattering vertices
(expected number of edges from scatterer to scatterer vertices)
with the assumption that the outdegree of all scatterer vertices
equals E[odiVs ] and that the probability of vertices in Vs with
outdegree of zero can be neglected. For the stochastic edge
generation the mean outdegree of scattering vertices reads
E[odiVs ] = (|Vs | − 1)Pvis .

(26)

Considering the recursive structure of the graph, we obtain by
extending (25) to the nth-order interaction
E[NPG (n)] ≈ E[odiVt ]E[odiVs ]n−1 Pvis,r .

(27)

We observe that E[NPG (n)] grows exponentially with the
number of interactions.

E STIMATION OF

THE

A PPENDIX C
A ZIMUTH - DELAY P OWER S PECTRA

Azimuth-delay power spectra are estimated from measurements and simulations. These spectra are obtained by applying
the Bartlet beamformer [39] for the virtual receiver array with
A = 175 antenna elements shown in Fig. 2, at each delay. The
three dimensional position vectors of the antennas ra , indexed
with a = 1 . . . A, are relative to the chosen center of the array
at antenna position 88 indicated with the red dot in Fig. 2.
We first calculate the discrete channel impulse responses
from the channel transfer function similar as in (13) as
hHY,a [ℓ] = IDFT {HHY,a [i] W [i]} [ℓ].

(28)

and define hHY [ℓ] = [hHY,1 [ℓ], . . . , hHY,A [ℓ]]T . In general
the discretized azimuth-delay power spectrum is estimated by
averaging over the coelevation angles as
′

Q
1 X
ADP SHY [ℓ, q] =
P ′

q =1

a(φq′ , θq )H hHY [ℓ]hH
HY [ℓ] a(φq′ , θq )
sin(φq′ ),
|a(φq′ , θq )|2

(29)

with the array steering vector
2π
2π
a(φq′ , θq ) = [ej λ e(φq′ ,θq ) · r1 , . . . , ej λ e(φq′ ,θq ) · rA ]T , (30)
and the direction vector
e(φq′ , θq ) = [cos(θq ) sin(φq′ ), sin(θq ) sin(φq′ ), cos(φq′ )]T .
(31)
The coelevation φ is indexed with q ′ , the azimuth angle θ is
indexed with q and λ is the wavelength. In the presented results
of Fig. 8 we select the coelevation equal to 90◦ . Considering
an interval for the coelevation showed no major differences
in the spectra except that the azimuthal concentration of the
lobes was less. This dispersion of the power makes it slightly
more difficult to discern peaks and thus we consider only a
single coelevation angle.
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