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Abstract— In iterative receiver structures, soft information
becomes available after the decoding stage. This information
is used to enhance the quality of the channel estimates for
the next iteration. We derive a generalized estimator based on
the linear minimum mean square error (LMMSE) principle for
deterministic pilot information combined with soft information.
We present the special case of multi-carrier code division multiple
access (MC-CDMA) in detail and provide simulation results. The
presented channel estimation algorithm can be also applied to
direct sequence (DS)-CDMA and multiple-input multiple-output
(MIMO) systems.

I. INTRODUCTION

An iterative receiver feeds back soft values on code bits
to get better detection results and enhanced channel estimates.
The soft feedback values are computed from a-posteriori prob-
abilities (APP) and extrinsic probabilities (EXT) [1]–[4]. A
soft-input soft-output (SISO) decoder for binary convolutional
codes, implemented using the BCJR algorithm [5], supplies
these measures. The input values to the decoder are derived
from the minimum mean square error (MMSE)-filter output
after demapping and deinterleaving.

Channel estimation is a crucial part of a multi user re-
ceiver. The least-squares algorithm (LS) suffers from slow
convergence with increasing load β = K/N . The number
of users in the system is denoted by K, the length of the
spreading sequence by N . Our contribution is the derivation
of an improved channel estimator based on the linear minimum
mean square error (LMMSE) criterion, which also takes into
account the variances in the estimated data symbols. See also
[6] for a related approach in a single-user scenario.

In this work we present an iterative receiver for the uplink
of a multi-carrier code division multiple access (MC-CDMA)
system. MC-CDMA is based on orthogonal frequency divi-
sion multiplexing (OFDM) [7], where the spreading codes to
distinguish each user are applied in the frequency domain; the
chips are therefore transmitted over different subcarriers.

We present the multi-user signal model in section II. A short
description of the data detection and decoding algorithm is
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given in section III. We present the LS channel estimation
algorithm in section IV. In section V the new LMMSE channel
estimation algorithm is derived and presented together with
simulation results. Finally, we give hints on how to apply this
new algorithm to other communication systems in section VI
and summarize the work with concluding remarks in section
VII.

II. SIGNAL MODEL

We will give a short overview of MC-CDMA, details can
be found in [1]. The block structure of the individual MC-
CDMA transmitter is shown in Fig. 1. Each user transmits
quadrature phase shift keying (QPSK) modulated symbols
bk(m) in blocks of length M . Each symbol is spread by a
random spreading sequence sk of length N and each chip
is transmitted over an individual subcarrier. The number of
subcarriers is equal to the length of the spreading sequence.
The elements of the spreading sequence are randomly chosen
from the QPSK constellation set ({±1±j})/(

√
2N) satisfying

N−1∑
n=0

|sk(n)|2 = 1 ∀k.

We will use the following notation: All vectors are defined
as columns vectors and denoted with bold lower case letters.
Matrices are given in bold upper case, (·)T denotes transpose,
(·)∗ denotes complex conjugate, (·)H denotes Hermitian (i.e.
complex conjugate) transpose and IN denotes the [N × N ]
identity matrix. The [M × N ] upper left part of matrix A
is referenced as AM×N and the element in ith row and �th
column of matrix A is referenced by [A]i,�. The result of
diag(a) is a diagonal matrix with the elements of a on its
main diagonal.

The first J QPSK symbols in each block are pilot symbols.
The remaining M − J data symbols result from the convolu-
tionally encoded, randomly interleaved and QPSK modulated
binary information sequence χk(m′′) of length 2(M − J)RC

by applying Gray labeling. The code rate is denoted by RC .
After the spreading operation skbk(m)ak, an N point

inverse discrete Fourier transform (IDFT) is performed and
a cyclic prefix (CP) with length G is inserted [8]–[10]. The
amplitude of user k is denoted by ak. Here all ak are equal.
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Fig. 1. Model for the MC-CDMA transmitter.

The resulting signal is transmitted over a multipath Rayleigh
fading channel with block fading characteristic, i.e. we as-
sume the channel to remain constant over M symbols. The
multipath fading channel hk(n) has a delay spread of L
chips, hk = [hk(0), hk(1), · · · , hk(L − 1)] in vector notation.
To completely remove the resulting intersymbol interference
(ISI) it is required that G > L. The length of an OFDM symbol
in chip-time after insertion of the cyclic prefix is denoted by
P = N + G.

The receiver removes the CP and performs a discrete Fourier
transform (DFT). The received signal vector in a multi-user
system is given by

y(m) = S̃b(m) + ν(m) (1)

where ν(m) denotes complex additive white Gaussian
noise with zero mean and covariance σ2

νIN . Vector
b(m) = [b1(m), b2(m), · · · , bK(m)]T contains the stacked
data symbols for K users, and matrix S̃ = [s̃1, · · · , s̃K ] is the
effective spreading matrix. The effective spreading sequences
are defined as

s̃k = diag (gk) sk, (2)

where
gk =

√
NF N×Lhk. (3)

The unitary DFT matrix F has elements

[F ]i,� =
1√
N

e
−j2πi�

N , i, � = 0 . . . N − 1.

For further details see [1].

III. DATA DETECTION AND DECODING

Our receiver detects the data b(m) using the received chip

sequence y(m), the estimated effective spreading matrix S̃
(i)

,
and the fed back extrinsic probabilities EXT(c(i)

k (m′)) of the
code symbols at iteration step i as shown in Fig. 2. The multi-
user detection is based on parallel interference cancellation
(PIC) and MMSE filtering. The output of the MMSE filter
is used as input to a soft-input soft-output (SISO) decoder
for binary convolutional codes, implemented using the BCJR
algorithm [5]. The soft feedback values used to enhance
the channel estimation are computed from the a-posteriori
probabilities (APP) that the decoder supplies. For more details
see [1].

IV. LEAST SQUARES CHANNEL ESTIMATION

The importance of having a good channel estimate is made
obvious by (2), since the filter matched to the effective
spreading sequence depends directly on the quality of the
channel estimate.

The J resulting chip sequences pk(m) are randomly chosen
in the same way as the spreading sequences sk. They construct
the OFDM pilot symbols for user k (see Fig. 1).

A least squares estimate of the channels ĝk in the fre-
quency domain can be obtained jointly for all K users
but individually for every subcarrier q. We define the vec-
tor of channel coefficients ĝq = [ĝ1(q), ĝ2(q), · · · , ĝK(q)]T

where ĝk(q) denotes the channel coefficient for user k
and subcarrier q. The same notation is introduced for
yq = [yq(0), yq(1), · · · , yq(M − 1)]T . The received signal on
subcarrier q and at discrete time m is given by yq(m).

We define the matrix

P q =




p1,q(0) · · · pK,q(0)
...

. . .
...

p1,q(J − 1) · · · pK,q(J − 1)




that contains the pilot spreading coefficients pk,q(m) for user
k at discrete time m and subcarrier q.

The APP

b̃′k(m) = ϕ
(
ck(2m)

)
+ jϕ

(
ck(2m + 1)

)
(4)

from the decoder is mapped to QPSK symbols and used as
additional pilots to further refine the channel estimates [11]
where ϕ(·) = 2APP(·)−1. For the first iteration these values
are set to zero. Matrix Qq is defined as

Qq =




s1(q)b̃′1(J) · · · sK(q)b̃′K(J)
...

. . .
...

s1(q)b̃′1(M − 1) · · · sK(q)b̃′K(M − 1)




and combined with the pilots to the matrix

B̃q =
(

P q

Qq

)
. (5)

The least squares estimator is given by

ĝq,LS =
(
B̃

H

q B̃q

)−1

B̃
H

q yq. (6)
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Fig. 2. Model for the MC-CDMA joint channel estimation and decoding multi-user receiver.
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Fig. 3. Receiver performance in terms of BER versus SNR for K = 80 users
after iteration 1 to 7 with LS channel estimation (6) [1], spreading length and
number of subcarriers N = 64, delay spread L = 15, length of cyclic prefix
G = 15 and J/M = 20/256 = 7.8% pilot symbols.

The channel impulse response in the time domain hk has
L taps and can be estimated by

ĥk =
1√
N

F H
N×L ĝk

which also reduces the noise in the channel estimates.
The estimates ĥk are supplied to the PIC and MMSE
detector. In the first iteration, the missing energy from
ĥk(n), n = L + 1 . . . N − 1 (assumed to be zero) is compen-
sated by scaling with

√
N/L, i.e.

ĥ
(1)

k =
1√
N

F H
N×L ĝ

(1)
k

√
N

L
.

The absolute values of the soft symbols in matrix Qq can be
very small, particularly during the first iteration and in over-
loaded systems (β = K/N > 1) due to strong interference.
This leads to slow convergence. A partial heuristic solution is
the normalization for each column of Bq to

√
M/N which

was introduced in [1].
The simulation results in terms of BER vs. SNR for the

least squares channel estimator are given in Fig. 3. The mean-
squared error (MSE) of the channel estimate is given in Fig. 4.
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Fig. 4. Mean square error (MSE) of the channel estimates after iteration 1
to 7 and different SNR for K = 80 users with LS channel estimation (6) [1],
spreading length and number of subcarriers N = 64, delay spread L = 15,
length of cyclic prefix G = 15 and J/M = 20/256 = 7.8% pilot symbols.

Here it can be clearly seen, that the MSE has a slight increase
after the second iteration particularly in the low Eb/N0 region
for a system with load β = 1.25 and K = 80 users.

To demonstrate the performance of the system we use the
typical urban (TU) power-delay-profile (PDP) from COST 259
[12], the chip rate is 3.84 Mcps as in UMTS and the delay
spread L = 15 corresponds to 3.9µs. The channel impulse
response is normalized so that

L−1∑
n=0

E
{
|hk(n)|2

}
= 1 ∀k.

The number of iterations is limited to 7. The single-user bound
(SUB) is taken as a reference for the multi-user receiver
performance. In this context it is defined as the receiver
performance with K = 1 and perfect channel knowledge. The
spreading sequence has length N = 64 equal to the number
of subcarriers. The complete OFDM symbol with cyclic prefix
has length P = G + N = 79. The convolutional code used
is a non-systematic, non-recursive, 4 state, rate RC = 1/2
code with generator polynomials (5, 7)8. All simulations are
averaged over 50 independent channel realizations. The energy



of the transmitted QPSK symbols is normalized to 1, the
Eb/N0 is therefore defined as

Eb

N0
=

1
2RCσ2

ν

P

N

M

M − J
.

To further enhance the channel estimation quality we will
derive a LMMSE channel estimator in the next section that
also takes into account the statistical information about the
estimated data symbols.

V. LINEAR MMSE CHANNEL ESTIMATION

Minimization of the mean square estimation error (MSE) is
a widely used optimization criterium in parameter estimation.
We use this approach to estimate the channel coefficients. In
general, for a linear data model, if the observed data and
the unknown parameters are jointly Gaussian distributed, the
resulting MMSE estimator is a linear function of the data.
In our model (1), we assume that channel coefficients in
the vector gq are independent, complex Gaussian distributed
random variables, with zero mean and unit variance (which
corresponds to Rayleigh fading), while symbols in the matrix
Bq have discrete binary distribution determined by the prob-
abilities Pr

(
bk(m) = +1

)
. The resulting distribution of the

observed vector yq is not Gaussian, thus the MMSE estimator
is not linear. Due to the shape of the pdf f(yq), the derivation
of the exact MMSE estimator is a complicated task. Therefore,
we constrain the channel estimator to be linear in yq (the index
(·)q will be omitted in the following derivations for the sake
of a simplified notation):

ĝLMMSE = Ay,

then matrix A satisfies the Wiener-Hopf equation:

CyyAH = Cyg,

where the covariance matrices are given by (y, g and ν are
zero-mean):

Cyy = E
B

E
g

E
ν
{yyH} = E

B
{BBH} + σ2

νIM ;

Cyg = E
B

E
g

E
ν
{ygH} = E

B
{B} � B̃, (7)

where the index under the expectation operator denotes the
random variable with respect to which the expectation is taken.
Expectations with respect to B are computed using APPs
of data symbols, see (4) and (5). Unless stated otherwise,
all expectations in the subsequent expressions are taken with
respect to B, therefore we omit the index to simplify the
notation. The linear MMSE (LMMSE) estimator is then:

ĝLMMSE = Cyg
HCyy

−1y =

= B̃
H

(
E{BBH} + σ2

νIM

)−1

y. (8)

For evaluation of this estimator it is necessary to invert an
M -dimensional matrix, which is computationally expensive.
Therefore we will reformulate (8) in order to reduce the
dimensionality. To this end we first note that due to the

independence of the users and the data symbols within one
block, it holds:

∀ i, j ∈ {1, ...,K}, ∀ m,n ∈ {0, 1, ...,M − 1}
E{bi(m)bj(n)} =

{
b̃i(m)b̃j(n), i �= j,m �= n
1, i = j,m = n

(9)

Hence the elements of the covariance matrix E{BBH} are

equal to the elements of the matrix E{B}E{BH} = B̃B̃
H

,
except for the main diagonal elements. In other words,

E{BBH} = B̃B̃
H

+ Λ. (10)

The elements of the diagonal matrix Λ are defined as:

Λmm =
K∑

k=1

var{bk(m)}, (11)

where the symbol variance is

var{bk(m)} = E
{

(bk(m) − E{bk(m)})2
}

= 1 − b̃2
k(m).

Inserting (10) into (8) we obtain:

ĝLMMSE = B̃
H


B̃B̃

H
+ Λ + σ2

νIM︸ ︷︷ ︸
�∆




−1

y. (12)

After applying the matrix inversion lemma to (12), the final
expression yields:

ĝLMMSE =
(
B̃

H
∆−1B̃ + IK

)−1

B̃
H
∆−1y. (13)

The matrix to be inverted in (13) is K-dimensional, which is
less than (8) that is M -dimensional. The rows of matrix B
are scaled by the diagonal matrix ∆, taking into account the
variances of the noise and of the soft symbol estimates.

If the data symbols are known, then b̃k(m) = bk(m), thus
Λ = 0, ∆ = σ2

νIK and the estimator (13) becomes the exact
MMSE estimator (conditioned on the given B, g and y are
jointly Gaussian, thus the LMMSE coincides with the true
MMSE estimator):

ĝMMSE|B =
(
BHB + σ2

νIK

)−1

BHy. (14)

For the training part of the data burst (first J symbols), the
estimator will be equal to the exact MMSE estimator for the
given pilot symbols. For the data part the variances of the
estimates of the unknown data symbols are taken into account
by matrix ∆.

The simulation results for this estimator are given in Fig.
5 and Fig. 6. The parameters are the same as in the LS case
(see section IV). When Fig. 6 is compared with the results
obtained with the LS estimator in Fig. 4, it can be clearly
seen that now the MSE is a monotonic decreasing function of
the iteration number and the SNR. The BER performance in
Fig. 5 now shows no error floor behavior.
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Fig. 5. Receiver performance in terms of BER versus SNR for K = 80
users after iteration 1 to 7 with LMMSE channel estimation (13), spreading
length and number of subcarriers N = 64, delay spread L = 15, length of
cyclic prefix G = 15 and J/M = 20/256 = 7.8% pilot symbols.
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Fig. 6. Mean square error (MSE) of the channel estimates after iteration 1 to
7 and different SNR for K = 80 users with LMMSE channel estimation (13),
spreading length and number of subcarriers N = 64, delay spread L = 15,
length of cyclic prefix G = 15 and J/M = 20/256 = 7.8% pilot symbols.

VI. OTHER COMMUNICATION SYSTEMS

The multi-user signal model given in (1) can be used accord-
ingly for DS-CDMA after redefining the effective spreading
matrix, as shown in [2]. For multiple-input multiple-output
(MIMO) systems a similar approach can be taken, the full
details are given in [3].

The estimator we developed in this paper for the MC-
CDMA case can also be used for iterative receivers for DS-
CDMA and MIMO systems. The modifications that need to
be made is to take into account the different structure of the
matrix B, and to properly apply the rule in (9) for the soft
symbol estimates. For further details see [13] and [3].

VII. CONCLUSIONS

In this work we presented an improved channel estimation
algorithm for an iterative receiver structure in the uplink of a
MC-CDMA system. We compared the performance in terms
of MSE of the new LMMSE based algorithm with an LS
estimator using simulation results. The LMMSE based channel
estimation scheme improves the convergence speed of the
iterative receiver. Furthermore, the performance in terms of
BER is also enhanced especially in the high SNR region where
the error floor of the LS based estimator is removed. A BER
of 10−3 is reached after 7 iterations at Eb/N0 = 13 dB with
the LMMSE based channel estimation, compared to the LS
estimator where Eb/N0 = 14 dB is necessary for the same
BER.
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“Iterative channel estimation and data detection in frequency selec-
tive fading MIMO channels,” submitted to European Transcations on
Telecommunications, 2003.

[4] M. Kobayashi, J. Boutros, and G. Caire, “Successive interference
cancellation with SISO decoding and EM channel estimation,” IEEE
J. Select. Areas Commun., vol. 19, no. 8, Aug. 2001.

[5] L. Bahl, J. Cocke, J. F., and R. J., “Optimal decoding of linear codes
for minimizing symbol error rate,” IEEE Trans. Inform. Theory, vol. 20,
pp. 284–287, Mar. 1974.
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“On channel estimators for iterative CDMA multi-user receivers in flat
fading,” submitted to IEEE International Conference on Communica-
tions, ICC, 2004.


