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Abstract— This paper describes an iterative time-variant channel estimator for the uplink of a multi-carrier code division
multiple access (MC-CDMA) system. MC-CDMA is based on
orthogonal frequency division multiplexing (OFDM). Due to
OFDM every time-variant frequency-flat subcarrier can be estimated individually. We develop a successive Slepian subspace
projection in the time and frequency domain. The subspace
in the time domain is spanned by discrete prolate spheroidal
(DPS) sequences. The DPS sequences are designed according
to two system parameters, the maximum Doppler bandwidth
and the block length. The correlation between the individual
subcarriers can be exploited by a subspace projection in the
frequency domain, using so called shifted DPS sequences. The
shifted DPS sequences are designed according to the maximum
essential support of the channel impulse response and the number
of subcarriers. Due to the subspace projection in the frequency
domain the presented channel estimator is able to deal with
realistic channels that have non sample-spaced path delays. We
validate the channel estimator with a geometry based stochastic
channel model according to the COST 259 recommendations.

I. I NTRODUCTION
For time-variant channel modeling it is common to assume
a delay-tap line with sample-spaced (discrete) path delays.
However, realistic channels have real-valued path delays.
In this paper we develop an iterative time-variant channel
estimator that is not limited by the assumption of samplespaced (discrete) path delays. We show the application of
this time-variant channel estimator in a multi-user multicarrier code division multiple access (MC-CDMA) uplink
scenario [1]. MC-CDMA is based on orthogonal frequency
division multiplexing (OFDM) utilizing a user specific random
spreading sequence in the frequency domain.
The variation of a wireless channel over the duration of
a data block is caused by user mobility and multipath propagation. The Doppler shifts on the individual paths depend
on the user’s velocity v, the carrier frequency fC , and the
scattering environment. The maximum variation in time of
the wireless channel is upper bounded by the maximum (one
sided) normalized Doppler bandwidth νDmax = BD TS where
the maximum Doppler bandwidth BD = vmax fC /c0 , vmax is
This work was carried out with funding from Kplus in the ftw. projects
I0 ’Signal and Information Information Processing’ and C9 ’MIMO-UMTS
for future packet services’ together with Infineon Technologies and ARC
Seibersdorf research GmbH.

the maximum (supported) velocity, TS is the symbol duration,
and c0 denotes the speed of light.
We apply OFDM in order to transform the time-variant
frequency-selective channel into a set of parallel time-variant
frequency-flat subcarriers. The sequence of channel coefficients for every time-variant frequency-flat subcarrier is bandlimited by νDmax . It was shown by Slepian [2], that timelimited parts of bandlimited sequences span a low-dimensional
subspace. A natural set of basis functions for this subspace
is given by the so-called discrete prolate spheroidal (DPS)
sequences. A Slepian basis expansion using this subspace
representation was proposed in [3] for time-variant channel
equalization. It was shown in [4] that the channel estimation
bias obtained with the Slepian basis expansion is more than
a magnitude smaller compared to the Fourier basis expansion
(i.e. a truncated discrete Fourier transform) [5].
The Slepian basis expansion coefficients are estimated individually for every subcarrier. These channel estimates can
be further improved by exploiting the correlation between the
individual subcarriers. For this purpose a truncated Fourier
transform was used in [6] for a sample-spaced delay tap-line
model.
For more realistic non-sample-spaced delay tap-line models
[7] Edfors et al. [8] exploited the correlation in the frequency
domain by using the singular value decomposition of the
channels covariance matrix which is assumed to be known.
In [9] the singular value decomposition was calculated in an
adaptive manner using an estimate of the covariance matrix.
Contributions:
•

•

•

In this paper we show that frequency shifted DPS sequences span the natural subspace for noise suppression
for non-sample-spaced delay tap-line channels and provide an analytic error expression.
We develop a channel estimator that does not require
detailed knowledge about the autocorrelation and the
power delay profile of the channel. Only a maximum
velocity of the mobile station and a maximum essential
support of the impulse response needs to be assumed.
We validate the time-variant channel estimator using
a geometry based stochastic channel model (GSCM)
according to the COST 259 recommendations.
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Fig. 1. Pilot pattern defined by (1) for block length M = 256 and J = 60
pilot symbols.

Section II briefly discusses the receive algorithm and introduces the signal model. The time-variant channel estimator
using a Slepian subspace projection in the time domain is
reviewed in Section III. The frequency domain Slepian subspace projection is explained in Section IV and an analytic
error expression is derived in Section V. Section VI gives
a short introduction into the GSCM. We provide the system
parameters in Section VII and validate our channel estimator
with the GSCM channel model in Section VIII. Conclusions
are drawn in Section IX.
II. S IGNAL M ODEL FOR T IME AND F REQUENCY
S ELECTIVE C HANNELS .
We consider the equalization and detection problem for a K
user MC-CDMA uplink. Each user’s data symbols are spread
over N subcarriers by means of a user-specific spreading code.
The transmission is block-oriented with block length M ; a data
block consists of M − J OFDM data symbols and J OFDM
pilot symbols.
The data symbols bk [m] result from the binary information
sequence χk [m′′ ] of length 2(M − J)RC by convolutional encoding with code rate RC , random interleaving and quadrature
phase shift keying (QPSK) modulation with Gray labelling.
√
The data symbols are given by bk [m] ∈ {±1 ± j}/ 2 for
m∈
/ P and bk [m] = 0 for m ∈ P, where the pilot placement
is defined by the index set
P = {⌊M/J(i + 1/2)⌋ | i = 0, . . . , J − 1}

(1)

and discrete time at rate 1/TS is denoted by m, see Fig. 1.
Each symbol is spread by a random spreading sequence sk ∈
C N with independent identically √
distributed (i.i.d.) elements
chosen from the set {±1 ± j}/ 2N . After the spreading
operation, pilot symbols pk [m] ∈ C N with elements pk [m, e]
are added, giving the N × 1 vectors
dk [m] = sk bk [m] + pk [m] .

(2)

The elements of the pilot symbols pk [m, e] for m ∈ P and e ∈
{0, . . . , N − 1}√are randomly chosen from the QPSK symbol
set {±1 ± j}/ 2N . For m ∈
/ P we define pk [m] = 0N .
Subsequently, an N -point inverse discrete Fourier transform
(DFT) is carried out and a cyclic prefix of length G is inserted.
An OFDM symbol, including the cyclic prefix, has length P =
N + G chips. The chip rate 1/TC = P/TS .
We describe the time-variant impulse response h(t, τ ) as
the superposition of R individual paths
h(t, τ ) =

R
X
r=1

αr (t)δ(t − τr (t)).

(3)

Each path is characterized by its time-variant attenuation
αr (t) = α′r e2πfr t and its real-valued time-variant delay

τr (t). These parameters are modelled with a GSCM which
is described in more detail in Section VI.
Under the assumption of small inter-carrier interference
[10] we are able to represent the time-variant channel for the
processing at the receive side by the frequency response vector
g k [m] ∈ C N . The received signal after cyclic prefix removal
and DFT is
y[m] =

K
X

diag(g k [m])dk [m] + v[m]

(4)

k=1

where complex additive white Gaussian noise with zero mean
and covariance σv2 I N is denoted by v[m] ∈ C N with elements v[m, e]. We define the time-variant effective spreading
sequences
s̃k [m] = diag (g k [m]) sk ,
(5)
and the time-variant effective spreading matrix S̃[m] =
[s̃1 [m], . . . , s̃K [m]] ∈ C N ×K . Using these definitions, we
write the signal model for data detection as
y[m] = S̃[m]b[m] + v[m] for m ∈
/P

(6)

T

where b[m] = [b1 [m], . . . , bK [m]] ∈ C K contains the
stacked data symbols for K users. We apply iterative parallel
interference cancelation (PIC) and minimum mean square
error (MMSE) filtering as described in [11], [12]. The output
of the MMSE filter is used as input to the BCJR decoder after
de-mapping and deinterleaving.
III. S LEPIAN S UBSPACE P ROJECTION
D OMAIN

IN THE

T IME

The performance of the iterative receiver crucially depends
on the estimation accuracy of the time-variant frequency response estimate g k [m] since the effective spreading sequence
(5) directly depends on the actual channel realizations. The
signal model (4) describes a transmission over N parallel
frequency-flat channels. Therefore, we rewrite (4) as a set of
equations for every subcarrier e ∈ {0, . . . , N − 1},
y[m, e] =

K
X

gk [m, e]dk [m, e] + v[m, e] ,

(7)

k=1

where dk [m, e] = sk [e]bk [m] + pk [m, e].
The temporal variation of each subcarrier coefficient
gk [m, e] is bandlimited by the normalized maximum Doppler
bandwidth νDmax . The normalized Doppler shifts νr = fr TS
of each path r fulfill νr ≤ νDmax . We estimate gk [m, e] for
an interval with block length M using the received sequence
y[m, e]. We describe the time variation of gk [m, e] in (7)
through the Slepian basis expansion [4], [3]
gk [m, e] ≈ g̃k [m, e] =

D−1
X

ui [m]ψk [i, e] ,

(8)

i=0

where m ∈ {0, . . . , M − 1}, e ∈ {0, . . . , N − 1} and ψk [i, e]
denotes the basis expansion coefficients for subcarrier e. The

Slepian sequences ui ∈ R M with elements ui [m] are defined
as the eigenvectors of the matrix C ∈ R M×M with elements
[C]i,ℓ =

sin [2π(i − ℓ)νDmax ]
π(i − ℓ)

(9)

where i, ℓ = 0, 1, . . . , M − 1, i.e. Cui = λi ui . The approximate dimension of the time-concentrated and bandlimited
signal space is D ≥ ⌈2νDmax M ⌉ + 1 [2, Sec. 3.3], which
means that the eigenvalues λi rapidly decay to zero for i > D.
For a detailed analysis of the estimation error please refer to
[4].
Inserting the basis expansion (8) into (7) gives
y[m, e] ≈

K D−1
X
X

ui [m]ψk [i, e]dk [m, e] + v[m, e] .

(10)

k=1 i=0

We can obtain a linear MMSE estimate of the subcarrier
coefficients ψ̂k [i, e] jointly for all K users but individually
for every subcarrier e as described in [11], [12].
After ψ̂k [i, e] are evaluated for all e ∈ {0, . . . , N − 1}, an
estimate forPthe time-variant frequency response is given by
D−1
ĝk′ [m, e] = i=0 ui [m]ψ̂k [i, e]. Additional noise suppression
is obtained if we exploit the correlation between the subcarriers. This correlation is present since the essential support of
the channel impulse response is smaller than the number of
subcarriers. We compare the Fourier based approach with a
new Slepian subspace based method in the next section
IV. S UBSPACE P ROJECTION

IN THE

F REQUENCY D OMAIN

A. Sample-Spaced Delay Tap-Line Model: Fourier Subspace
In the case of a sample-spaced delay tap-line model a simple
partial discrete Fourier transform is sufficient [6] in order to
exploit the correlation between the individual subcarriers,
ĝk [m, e] = f T [e]

N
−1
X

f [e′ ]ĝk′ [m, e′ ].

(11)

e′ =0

where




f [e] = 

e−j2πe/N
..
.
e−j2π(L−1)e/N




L
∈C .

B. Non-Sample-Spaced Delay Tap-Line Model: Slepian Subspace
We can write (3) in the frequency domain as
R
X
r=1

αr (t)e−j2πτr (t)f

g[m, ẽ] =

(13)

R
X

αr (mTC )e−j2πθr [m]ẽ

(14)

r=1

for ẽ ∈ {−N/2, . . . , N/2 − 1} and N even. The normalized
C)
fulfills 0 ≤ θr [m] < Less /N <
path delay θr [m] = τrT(mT
CN
1 . We note that due to the DFT e = ((ẽ + N ) mod N ).
Less is the essential support of the physical channel impulse
response (3). Due to the band-limiting filter at the transmitter
and the receiver side the overall impulse response is enlarged
and its support L > Less
For m fixed, the sequences g[m, ẽ] (14) span a subspace that
has dual properties to the Slepian subspace in the time-domain
(see Section III). The frequency index ẽ is dual to the time
index m and the delay parameter θr is dual to the Doppler
shift νr .
The path delays θr are from the interval [0, θmax ] where
θmax = max(θr ). The snapshot length is N . Thus, the
corresponding subspace has dimension D′ > ⌈θmax N ⌉ + 1.
The DPS sequences ũ′i ∈ C N with elements ũ′ [e] are the
eigenvectors of matrix C ′ with elements
[C ′ ]i,ℓ =

sin [2π(i − ℓ)θmax /2]
π(i − ℓ)

(15)

where i, ℓ = 0, 1, . . . , N − 1. The subspace for noise reduction
is spanned by the shifted DPS sequences
u′i [e] = ũ′i [e]e−j2πθmax e/2 .

(16)

The shifting of the DPS sequences in (16) is done to take into
account the non-symmetric interval θ ∈ [0, θmax ] of the time
delays. It can be verified that u′i are the eigenvectors of the
covariance matrix of a uniform power delay profile Rgg given
by [8, Appendix A].
[Rgg ]i,ℓ =

(12)

The projection operation in (11) exploits the fact, that the impulse response has maximum length L while in the frequency
domain N subcarrier coefficients are estimated. Due to this
projection a noise reduction by L/N can be achieved.
However, the path delays in realistic channels are real
valued. In this case the projection (11) leads to biased results.
We will show this by an analytic analysis of the square bias
in Section V. In order to reduce the square bias we apply a
dual version of the concepts presented in Section III.

g(t, f ) =

for f ∈ R omitting the dependence on k.
In an OFDM system the channel (13) is sampled in the frequency domain using N subcarriers g[m, e], e ∈ {0, . . . , N −
1} with spacing 1/(TC N ) resulting in

We define



f (S) [e] = 

1 − e2πjθmax (i−ℓ)
.
2πjθmax (i − ℓ)

u′0 [(e + N/2) mod N ]
..
.
u′D′ −1 [(e + N/2) mod N ]

(17)



′

 ∈ C D . (18)

for e ∈ {0, . . . , N − 1} and N even. Inserting f (S) [e] in (11)
we perform a frequency domain Slepian subspace projection
that achieves a noise variance reduction by D’/N. Then, the
channel estimates ĝ k [m] are inserted into (5) to enable data
detection.
The Slepian subspace projection in the time domain is
dual to the one in the frequency domain. In the time domain the Doppler frequencies are from the interval ν ∈
[−νDmax , νDmax ] and the observation window in time has
length M . In the frequency domain the time delays of the
individual paths are in the range θ ∈ [0, θmax ] and the
observation window in frequency has length N .
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Fig. 2. Mean error characteristic EN versus normalized delay θ. For N = 64
subcarriers, essential support of the impulse response Less = 8, maximum
normalized delay θmax = 0.125 and D ′ = 11 dimensions we compare the
shifted DPS sequences (denoted ’Slepian’) with the Fourier basis functions
(denoted ’DFT’) with L = 11 dimensions.

V. S QUARE B IAS

OF

F REQUENCY D OMAIN S UBSPACE
P ROJECTION

Square bias results for the time domain subspace projection
are provided in [4]. We will give results for the frequency
domain case in this section.
We define the instantaneous error characteristic
E(e, θ) = 1 − f T [(e + N/2) mod N ]·
·

N
−1
X

f ∗ [ℓ]e−j2πθ((e−ℓ+N/2)

mod N )

2

. (19)

ℓ=0

for e ∈ {0, . . . , N − 1} and 0 ≤ θ ≤ θmax . Furthermore, we
define the power delay profile η 2 (θ) = E{|h(t, θN TC )|2 } and
express the square bias per subcarrier as
2

bias [e] =

Z1

E(e, θ)η 2 (θ)d θ.

(20)

0

The square bias for all subcarriers that is due to the frequency
domain Slepian subspace projection is finally given by
1

bias2N

Z
N −1
1 X
,
bias2 [e] = EN (θ)η 2 (θ)d θ ,
N q=0

(21)

0

where the mean error characteristic is defined as
EN (θ) =

N −1
1 X
E(e, θ) .
N e=0

(22)

Figure 2 plots EN (θ) for N = 64 subcarriers, essential support of the impulse response Less = 8, maximum normalized
delay θmax = Less /N = 0.125 and D′ = 11 dimensions of
the subspace. Using Fig. 2 we can easily see, that for a power
delay profile η 2 (θ) with a maximum delay below θmax the
square bias (21) will be several magnitudes smaller than the
one of the Fourier based approach which uses L = 11 basis
functions as well

COST 259 GSCM C HANNEL
M ODEL

OF THE

In our implementation of the COST 259 model, the GSCM
[13], one or several mobile stations (MS) are placed within the
simulation area. The region covers a set of base stations (BS)
each having several antennas. A velocity vector is assigned
to each MS and near scatterers are placed around the MS. In
addition to the scatterers round the MS far scatterers are placed
within the simulation area. Such additional scatterers are important for achieving higher delay spreads. The scatterers are
grouped into clusters. For each cluster an angular delay power
spectra (ADPS) is defined. A cluster may encompass an area
of several hundred meters in a macro cellular environment.
Specular reflection at the scatterers is assumed and a ray
tracing tool calculates the impulse responses by summing
up all possible paths according to (3). A path starts at the
transmitter and is bounced at one or two scatterers before
hitting the receiver. The length of the path is used to calculate
the delay. A more detailed description on the implementation
of the model is given in [7].
In contrast to many other channel models the COST 259
channel model does not use a quantized tap-delay line structure, where paths occur exactly within one delay bin only. The
delays in our model vary over time due to the movement of
the users and the changing lengths of the traced paths. This
effect causes problems to simple receive algorithms which
assume quantized delays of paths. Assuming quantized delays
does not reflect reality and may result in optimistically-biased
performance of the receive algorithm.
To include this effect, sampling at chip rate is not sufficient.
In our case we use a four times oversampled input signal
for the channel model. This signal is filtered using a root
raised cosine filter. Inside the channel model an even higher
sample rate is used. At the output of the model the four times
oversampled signal is again root raised cosine filtered and
down converted to the chip rate of the receiver.
We have chosen the generalized typical urban (GTU) environment for all simulations using the GSCM. This is one of
the four specified macro cellular environments of COST 259.
All mobiles are uniformly spread within the cell area.
The COST 259 channel model includes large-scale and
short-scale effects. The first ones are modeled stochastically,
the short scale fading is implicitly given by the superposition
of the arriving paths. For the focus of this paper the large scale
effects are not taken into account since we assume perfect
power control for slow changes of the channel. Thus only
short scale effects are visible to the receiver.
We assume that all impinging user signals are received at
the same time. This is achieved by subtracting the smallest
delay from all paths of a user.
VII. S YSTEM PARAMETERS
The system operates at carrier frequency fC = 2 GHz and
the K = 32 users move with velocity v = 70 km/h. This gives
a Doppler bandwidth of BD = 133 Hz corresponding to νD =
0.0027. The number of subcarriers is N = 64 and the length of

In [4] we studied the gain of the Slepian subspace projection
over the Fourier basis expansion in the time-domain. In the
time-domain the gain is more pronounced than the gain in the
frequency domain (that can be additionally obtained after a
Slepian subspace projection in the time domain).
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Fig. 3. BER versus Eb /N0 for the multi-user MC-CDMA uplink after 4
iterations with K = 32 users moving at v = 70 km/h. The Slepian subspace
in the time domain has dimension D = 3 and in the frequency domain
D ′ = 11 (denoted ’Slepian’). The result for the partial Fourier transform with
dimension L = 11 is denoted ’Fourier’. For comparison the performance with
perfect channel knowledge is shown too.

the OFDM symbol with cyclic prefix is P = G+N = 79. The
data block consists of M = 256 OFDM symbols with J = 60
OFDM pilot symbols. The system is designed for a maximum
velocity vmax = 100 km/h which results in D = 3 for the
Slepian basis expansion. All simulation results are averaged
over 100 independently generated data blocks. We assume a
maximum normalized path delay of θmax = 0.125 (Less = 8)
and use D′ = 11 shifted DPS sequences for noise suppression
in the frequency domain. For comparison we use L = D′ = 11
Fourier basis functions.
For data transmission, a convolutional, non-systematic, nonrecursive, 4 state, rate RC = 1/2 code with generator
polynomial (5, 7)8 is used.
We use two different scenarios; one with 50 scatterers in
order to model rich scattering and one with 4 scatterers for
a low diversity situation. In both cases the scatterers are
randomly distributed in a region with a radius of 200 m around
the mobile station.
VIII. R ESULTS
In Fig. 3, we illustrate the multi-user MC-CDMA uplink
performance in terms of bit error rate (BER) versus Eb /N0
with iterative time-variant channel estimation based on the
Slepian subspace projection after 4 iterations.
We apply the Slepian basis expansion in the time-domain in
order to estimate each time-variant subcarrier individually [4].
Then, we use a second subspace projection in the frequency
domain exploiting the correlation of the individual subcarriers. For this second projection in the frequency domain we
compare the receiver performance for the Slepian subspace
projection (18) (denoted ’Slepian’) and the partial Fourier
transform (12) (denoted ’Fourier’). The reduced square bias of
the Slepian subspace (see Fig. 2) leads to a BER performance
that is 1 dB better at a BER of 10−3 compared to the Fourier
based method. With increasing diversity the performance gain
reduces slightly.

Simulation results show that an iterative receiver using the
Slepian subspace projection in the time and frequency domain
for time-variant channel estimation is able to deal with the
realistic GSCM in a multi-user system. Only two channel
parameters, an upper bound on the Doppler shift and an upper
bound on the support of the impulse response are needed
for the design of the basis function. The Slepian subspace
projection in the frequency domain is most beneficial for
scenarios with small delay spread and few scatterers.
ACKNOWLEDGEMENTS
We would like to thank Christoph F. Mecklenbräuker for
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