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Abstract—A key component in vehicular communications sys-
tems is the channel estimation filter that suppresses the additive
noise in the channel estimates from pilot symbols. A filter which
offers the best performance in terms of mean square error
(MSE) is the well known Wiener filter. A drawback of using
filters based on second order statistics is that they have to be
recalculated when the statistical properties of the channel have
changed. In vehicular communications the observed channels
do not follow the wide-sense stationary (WSS) uncorrelated-
scattering (US) properties, and therefore their power spectral
density varies over time. A non-stationary process can be divided
in time into consecutive stationarity regions where the WSS
and US properties are assumed to hold, allowing to calculate
the coefficients of a Wiener filter. In this paper we analyze the
increase of the MSE observed when using a mismatched Wiener
filter. The mismatch results from using the filter coefficients
calculated for a past stationarity region. We relate this concept
of performance degradation to spectral distance metrics. We use
the spectral divergence between scattering functions at different
time instances. Furthermore, we introduce a new metric, the
filter divergence, which takes noise into account. We show that,
by accepting an increase of MSE, the same filter coefficients can
be used for several time regions, which allows computational
complexity reduction in a real system.

I. INTRODUCTION

In any communication system the main goal is to receive
the data sent at the transmitter side without errors at the
receiver side. The fading processes in vehicular environments
do not fulfill the wide-sense stationary (WSS) uncorrelated-
scattering (US) properties, hence their second order statistics
change over time. There are several techniques to estimate
the channel transfer function at the receiver by using known
pilot symbols. The channel estimation technique used in this
paper is based on second order statistics and it is implemented
through a two-dimensional Wiener filter. Due to the time-
variability of the channel statistics we have to re-estimate them
more often, as for example in WSSUS scenarios. This leads
to higher computational complexity. In [1] a measure called
spectral divergence (SD) is introduced as a metric between
power spectral densities. The SD is based on the error variance
degradation experienced by using the wrong power spectral
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density when designing a filter. The mathematical description
is presented in [1] for the continuous time case, but no practical
evaluation results are shown. The noise presence in the signal
to be filtered was also not mentioned. The symmetric version
of the SD for prediction was used in several papers, in [2] to
analyze the non-stationarity of the vehicular channels, and in
[3] to characterize the dis-similarities between different MIMO
channels.

Contributions of the paper: We present an analysis of the
system performance degradation when using the mismatched
statistical knowledge for designing a 2D-Wiener filter. As the
most innovative contribution of this paper, we introduce the
metric filter divergence (FD), which provides results taking
noise variance into account. We define the discretized version
of the SD defined for the smoothing problem. We assess
the filter mismatch impact by means of the mean square
error (MSE), the SD, and the FD. Furthermore, we show
qualitatively the relation between the MSE and the SD for
different signal-to-noise ratio (SNR) values.

Organization of the paper: In Section Il we describe the sys-
tem model and the estimation of the channel transfer function
through a Wiener filter. In Section IIT we present three ways
of assessing the mismatch produced by using the wrong filter
coefficients. The results in Section IV are obtained applying
the methods described in the previous section to vehicular
channel measurements. Conclusions are presented in Section
V. We use the following notation: Matrices are denoted in
capital letters and bold face, F, denotes the Fourier transform
over the « domain, E'{ } denotes mathematical expectation, the
subindices e and m in the filter matrices refer to the exact and
mismatched filter coefficients. The variables time ¢, frequency
f, delay 7, and Doppler shift  used throughout the paper are
discrete.

II. SYSTEM MODEL

We consider R(t, f), a noise corrupted version of the
channel transfer function H(t, f), to be filtered. We use a
2D time-frequency smoothing filter based on second order
statistics, i.e. a Wiener filter. The filter structure is shown
in Fig. 1. The observed channel is assumed to fulfill the
WSSUS properties for a limited interval in time [4]. Hence
we are able to estimate the second order statistics for this
interval. This time-interval is called stationarity region. These



regions are finite in time and frequency with lengths M and
N respectively. Based on these statistics, we can calculate
the filter coefficients. The estimated transfer function F (t, f)
is calculated in the Fourier transform domain as H t, f) =
FAFASy(w, )} F A F-{A(v,7)Sr(v,7)} . The filter co-
efficients A(v,7) are calculated for each stationarity region
as

Ck (v, 1)
Chv.r)’

In order to show locality, we introduce the superscript & in the
notation. The time variables ¢, ¢, and k are related through
t=Mk+t,wheret=0...5—-1,¢ =0...M — 1, and
k =0...]S/M]. In this paper we choose M = 128 and
N = 256 based on [5].

In (1), C¥(v,7) and C&(v,7) denote the Doppler-delay
scattering functions of H(t, f) and R(t, f) respectively. The
second order statistics needed to calculate the filter coeffi-
cients, i.e. C (v, 7) and Cr(v, T), are obtained using a time-
frequency multitaper estimate of the scattering function [4],
[6]. This modifies (1) to

Ak
Ak, 7y = Ca® ). 2)
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AR (v, 1) = 1

Due to its local stationarity C¥; (v, 7) is named local scatter-
ing function (LSF). The parameters used in the LSF estimation
are chosen based on the results of [5].
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Fig. 1. 2D Wiener filter scheme.

The operation in (2) has to be performed for each observed
stationarity region. This is costly in terms of time and power
consumption, given that two other estimation operations have
to be calculated in order to obtain A¥(v, 7). Delay in data
processing is introduced, which can be very critical depend-
ing on the kind of sent messages. To reduce computational
complexity we propose to use a filter designed for a given
stationarity region for several consecutive regions. However,
by doing so, we degrade the filter performance.

III. FILTER MISMATCH ERROR

When using the filter designed for a specific stationarity
region for filtering another region we introduce a degradation
of the filter performance. In our analysis, the choice of a
mismatched filter is intrinsically related to time delay. The

mismatched filter is the Ak time-delayed filter, AXT2% (v, 7),
and the true is the one for the current time instance k, A¥ (v, 7).

A. MSE degradation

The Wiener filter is optimum in terms of minimum MSE
(MMSE). When we make a mistake by using the mismatched
filter coefficients AXT2%(1 7) instead of the exact ones
Ak (v,7) we observe an increase in the MSE. We quantify
this degradation with respect to the filter coefficients choice
as

] 2

pMSE(Alg’Aﬁl—&-Ak) _ E{‘H(tvf) I{Am(t’fﬂ }, 3)

E{|H(t,f) — Ha.(t, )]}
where Hy (t,f) and Ha (t,f) are the estimated channel
transfer functions using the mismatched or the exact filter
respectively.

B. Spectral Divergence

In [1] a metric relating the pygg and power spectral densi-
ties is introduced and calculated for the smoothing filter prob-
lem. The degradation is created by assuming a mismatched
power spectral density when designing the filter coefficients.

In [7] the error variance is expressed in terms of power
spectral densities. This reformulation leads to a definition of
a distance for the filtering problem. The distance measure
depends on the ratio of two power spectral densities. We
use the discretized version of this measure called spectral
divergence (SD). The SD for the smoothing problem reads
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This quantity is a good indicator for detecting changes
between two spectral densities. It points out how “far” they
are from each other, more precisely, it compares their shapes.
The relation of pc with pysg gives it its practical relevance.
When the two compared power spectral densities are equal
their SD is zero and increases when they get more dissimilar.

C. Filter Divergence

Even though the concept used for developing the expression
(4) is based on filtering theory, the formulation in [1] does not
consider the noise variance o2. We propose a modification of
the SD measure that takes into account the noise. Since the
filter coefficients in (1) are defined in the transformed domain,



we use the SD measure to analyze the distances between filters
and call it filter divergence (FD). We compare the exact filter
AF(v,7) and the mismatched filter A*F2%(v, 1) in
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In [1] a symmetrized version of the SD for the prediction
problem is presented and related to the Itakura distance, but
it is not done for the smoothing problem. We will see in the
next section that, for our problem, the non-symmetric version
is the one that applies, since (3) is also non-symmetric.

IV. RESULTS

We perform our analysis considering as a true channel
transfer function the sampled version of H (¢, f) collected in
a vehicle-to-vehicle measurement campaign. For more details
see [8]. We select two different scenarios for the analysis in
this paper of finite length S = 4224, equivalent to a 1.3 s
measurement run.
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Fig. 2. Normalized squared envelope of the channel impulse response.

In scenario 1 there are two cars driving in opposite direc-
tions on a highway, both at 90 km/h. In scenario 2 the cars also
drive in opposite directions, but through the streets of a town
at 30 km/h. Figure 2 shows the normalized channel impulse
response magnitude over time ¢ for both scenarios. Due to
space constraints, we will only show the plots for scenario 1,
but discuss the results for both.

We observe a strong contribution of the line of sight
component during the whole measurement run due to the
direct visibility between transmitter and receiver. In order to
create R(t, f) we add white complex Gaussian noise with
SNR values of 5, 10, and 15 dB. We plot in Fig. 3 (a) the

degradation of the filter performance in terms of MSE in the
logarithmic scale for SNR=10dB. We do so in order to be
able to compare (3), (4), and (6).

In Fig. 3 the y and x axis represent the current time instance
k, and the current time instance plus some delay k + Ak.
Regardless of the SNR, all graphs present a diagonal structure
with zeros at the diagonal, coinciding with the case when
Ak = 0, i.e. when we are using the exact filter at the right
time. In this case, there is no MSE increase. The value obtained
when Ak > 0 corresponds to the upper triangular elements
and is the MSE increase when using a filter Ak stationarity
regions in the future. Conversely, for Ak < 0 we obtain the
lower triangular part, i.e., the MSE increase when using a filter
Ak regions in the past. Since we consider a causal system, we
only use a past filter for the current time, therefore we will
only pay attention to the upper triangular elements.

In Fig. 3 (a) we observe a saturation region (the red
area), whose surface decreases with SNR, not shown due
to space constraints. In (3) the MSE is calculated as the
difference between the true transfer function and the filtered
(estimated) one. When the used filter is too outdated we are
only filtering noise. Consequently, when Ak crosses a SNR-
dependent threshold, the estimated channel transfer function
only contains noise.

The filter design depends on the SNR. When we consider
a low SNR, the filter is very selective. Then, it gets quickly
outdated, and we reach the saturation area for low values of
Ak. On the other hand, when we consider a high value of
SNR, the filter is less selective and the mismatch is not so
sensitive. Therefore, the saturation level increases with SNR.
In this case, when the filter is too outdated, the amount of noise
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Fig. 4. Filter response in the delay domain for stationarity region k = 1 at
a Doppler shift of v = 254 Hz.

we filter is higher and so is also the MSE increase. Figure 4
shows the described filter behavior. We plot the filter response
in the delay domain for a given v = 254 Hz designed for the
same stationarity region for two different SNR values.

As seen in Fig. 3 (a), the MSE increase does not show
a prefect symmetry with respect to the diagonal. However,
we still can observe a cross-diagonal component at around
k = 15. This value coincides with the time where the two
cars cross each other. Exactly at this point in time we can
define a symmetry axis in the power delay profile and Doppler
spectral density, shown for scenario 1 in Fig. 5. The power
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Fig. 3.

delay profile presents an even symmetry, whereas the Doppler
spectral density shows and odd symmetry. Due to the odd
symmetry, the cross-diagonal in Fig. 3 (a) is not pronounced.
Likewise, we can define similar symmetries for scenario 2.
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Fig. 5. Symmetries of the power delay profile (PDP) and Doppler spectral
density (DSD) in scenario 1.

The results for the FD defined in (8) are shown in Fig. 3 (b).
We observe a similar structure for the upper triangular part of
the plot as in Fig. 3 (a). The diagonal is also composed by
zero valued elements, showing that the filters are the same
(the distance between them is zero). We also find an SNR
dependency in the FD. In this case, the FD values decrease
with SNR. When comparing Fig. 3 (a) with (b) it is obvious
that they do not look the same. However, they follow the same
structure.

We observe a similar pattern in Fig. 3 (c). Here we calculate
the SD between different LSFs that differ in time as formu-
lated in (6). This measure does not take the noise variance
into account, as it was formulated in [1], therefore no SNR
dependence analysis can be carried out.

Depending on the degradation of performance a system is
able to accept, we can set a maximum number of stationarity
regions for which the filter is consecutively used before
recalculating its coefficients. This gives an intuition on how
often they should be estimated in a communication system.
For instance, if we use the same filter over 5 consecutive sta-
tionarity regions at an SNR= 10 dB we obtain a performance
degradation shown in Fig. 6 for scenario 1.

The red line in Fig. 6 (a) shows the path we follow over
the 2D degradation measure. As long as we keep using the
same filer we move horizontally. When we recalculate the filter
coefficients we jump to the diagonal. The 1D representation
is easier to read and can be seen in Fig. 6 (b). We notice
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(a) MSE degradation, (b) filter divergence, and (c) spectral divergence for scenario 1 and SNR=10dB.
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Fig. 6. MSE degradation performance when using a filter for Ak = 5
consecutive stationarity regions. SNR=10 dB, scenario 1.

that around k = 15 the performance degradation increases
significantly. Remember here again, at this time instance the
two cars cross each other. Consequently, the channel statistics
present more variability with time.

We perform a similar operation to that shown by Fig. 6 now
including the three measures introduced in section III-B. We
choose Ak = 5 and Ak = 10, and plot the resulting curves
in Fig. 7 for scenario 1 and SNR=10 dB.

We would like to relate the SD and FD measures with the
MSE degradation in a general fashion. For that purpose, we
calculate a scatter plot for the upper triangular parts of the
measures of interest. In Fig. 8 the y axis represents the values
of log(pmsg). The x axis is log(pa) and log(pc) for the first
and second rows respectively. For all scatter plots, we separate
the data in intervals of width 1 based on the log(pmsE) values,
starting at 1.5. For each interval, we show the median (red
vertical line), the 25th percentile (blue box), and the 75th
percentile (blue horizontal line). The red crosses are outliers.
By doing that, we are able to compare the trends for both
divergence metrics.
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Fig. 7. Comparison of MSE increase with FD and SD measures.
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Fig. 8. Scatter plots for scenario 1.

For subplots (b), (d), and (f) we note a linear dependency
between log(pmsk) and log(pc). This is not valid for subplots
(a), (c), and (e). Regardless of the compared divergence metric,
the width of the point distribution broadens with increasing
SNR. We observe a similar scatter plot structure also for
scenario 2, where the points are more concentrated. The
broadening is more accentuated for the scenario 1.

If we now pay attention to the percentiles, we observe that
the values for the FD are smaller than for the SD, meaning
that the FD shows a tighter correlation behavior with the MSE
degradation. This effect is more accentuated for scenario 2.
The broadening we commented before is also reflected in the
percentiles, the higher the SNR, the larger the percentiles. A
practical use of such distance metrics and their correlation
with the MSE degradation would be the following. Imagine
we have a system which allows a MSE increase with respect to
the performance the exact Wiener filter delivers. If we allow to
use a mismatched filter in order to avoid recalculating channel
statistical parameters, we can find out the range of values of
FD and SD the system can tolerate for functioning under the
allowed MSE increase. In this sense, the FD delivers a more
accurate range for a given low log(pmsk), and furthermore it
allows assessing the MSE degradation based only on filter
coefficients, without having perfect channel knowledge, as
needed for the SD.

V. CONCLUSIONS

We defined finite stationarity regions in time and frequency
where we assumed that the WSS and US properties hold
[4]. Ideally, we would calculate the filter coefficients for each
region, but it implies processing delay and computational com-
plexity. Therefore, in the proposed low-complexity solution we
used the same filter in several time consecutive stationarity
regions.

We quantified the system performance in terms of MSE for
the channel estimate. Additionally, we used the two different
divergence metrics to assess MSE the degradation. We used the
SD measure proposed in [1] and the FD, a modified version
that takes the noise variance into account. Even though the
analyzed SD and FD measures, and the MSE degradation do
not present the same values, they show a correlated behavior in
the scatter plots. Besides that, we also analyzed the saturation
region depending on the considered SNR.

The proposed FD measure could be a first approach for
estimating the tendency that the MSE degradation in the
system will follow by only calculating the filter coefficients
and not performing the filtering process itself. Furthermore,
it solves the problem of having perfect channel knowledge
at the receiver side, since it is calculated based on the filter
coefficients. The analysis is also useful for cases where one is
interested in detecting qualitative changes in the power spectral
densities.

We also proposed a practical application which consists of
defining a maximum allowed MSE increase and consequently
finding out the range of FD and SD values delivering it. We
showed that the range is narrower for FD than for SD, and
also narrower for scenario 2 than for 1.
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