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Abstract—In multiple-input multiple-output (MIMO) systems,
the propagation channels can be characterized by their spatial
structure, described by the (complex-valued) channel correlation.
Accordingly, also interference in MIMO systems is likely to occur
in a spatially structured, correlated way.

We discuss that structured spatial interference affects mutual
information under interference, depending on the eigenspace
alignment between the channel of the desired signal and the
channel carrying the interference. Intuitively, worst-case inter-
ference occurs, when the channels from the intended signal and
the interference show a similar spatial structure. In contrast,
least hurtful interference is encountered when these channels
are maximally non-aligned.

In this paper, we develop an analytical channel model gener-
ating multi-user MIMO channels with a given degree of severity
of interference, described by the alignment of the channels’
eigenspaces. Using radio channel measurements, we parameterize
our model to reflect realistic scenarios.

I. INTRODUCTION

With multiple-input multiple-output (MIMO) systems pen-
etrating the mass market, the number of multi-antenna devices
increases drastically. As a result, the interference from MIMO
devices is constantly growing.

Current deployments of MIMO focus on single-user
schemes, where MIMO devices are orthogonally addressed,
either by time-division or frequency-division multiplex. Future
deployments are expected to support space-division multiplex,
thus transmitting to or receiving from multiple MIMO users
at the same time. This is feasible when the channels to the
different users are sufficiently orthogonal in the signal domain.

The influence of interference on MIMO systems was previ-
ously studied. For example, Blum published a survey article on
MIMO transmission under interference, which includes mutual
information expressions [1].
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Several publications have discussed signal-processing al-
gorithms that consider colored noise. Liu et al. [2] have pre-
sented an optimum training signal design for correlated MIMO
channels under colored interference. However, the simplifying
assumption is made that all transmitted signals, regardless
of their origin, result in the same receive correlation. The
suppression of (strongly correlated) directional interference is
discussed in [3]. The authors model the interference as a rank-
one signal from a single direction, but this assumption is not
supported by real-world measurements. Recently, Rahman et
al. [4] discussed the impact of different kinds of interfering
signals. It was shown that interference from a space-time
coded signal is worst (but can be mitigated with appropriate
algorithms). However, the authors used the rich-scattering
assumption for both the desired and the interfering signal,
which is equivalent to spatially white interference.

Very few previous studies have attempted to model cor-
related interference. A ray-tracing approach is presented in
[5], where the authors accurately model an urban scenario
with multiple base stations and mobile stations. This modeling
approach appears very promising, but the results have not been
validated against measurements.

Poutanen et al. [6] introduced a promising geometry-
based stochastic approach of “common scatterers”, which
was adopted by the European COST 2100 model. This idea
extends previous cluster-based channel models to include some
clusters that are visible only to specific users, while others
are visible to all users, which induces correlation between
the channels at different users. The authors also exemplify a
possible parametrization from a limited set of measurements.

However, to the best of the authors’ knowledge, no ana-
lytical multi-user MIMO channel models are available that
directly model the effect of the relative orientation of the
channels’ eigenspaces (their alignment).

Contributions  We approach the problem of modeling
multi-user MIMO channels via their receiver correlation ma-
trices, which provide two spatial signatures: one for the desired
signal, the other for the interference. Our main contribution is
a method to vary the relative orientation of the eigenspaces
of multi-user channels in a continuous way.

We first study a metric that reflect the severity of MIMO
interference: interference-impaired mutual information [1]. It
can be expressed in terms of the singular values of the receiver
correlation matrices and their corresponding eigenspaces. We
show that, given the singular values, the metric possesses a
specific maximum and minimum, which is achieved in certain



extreme cases of correlation matrix eigenspace alignment.

The main contribution is a way to model the eigenspaces
of the multi-user channels. Building on the metric, we present
an analytical multi-user MIMO channel model that generates
channel realizations according to a user-chosen level of inter-
ference severity. This is achieved by continuously rotating the
eigenspace of the interference correlation matrix.

Notation  The superscript ™ stands for conjugate (Her-
mitian) transposition. E{-} denotes the expectation operator,
tr{-} the matrix trace, and || - ||r the Frobenius norm. I is
the identity matrix of appropriate size. For a matrix X =
[x1,...,Xn], we define the notation X = [xy, . ..,X;], which
reverses the order of the columns. We use the word “metric” in
the general sense of a scalar function that quantifies an aspect
of interest, not in the mathematically rigorous sense of metric
spaces.

Organization Section II introduces the multi-user MIMO
metric of interest, which is used in Section III as a basis for
the multi-user MIMO channel model. Section IV presents the
parameterization of the model from measurements. Finally, we
draw conclusions in Section V.

II. METRIC FOR MU-MIMO SYSTEM PERFORMANCE

First, we quantify the impact of different subspace align-
ment to be able to model it accordingly.

A. System model

We model an interference-impaired MIMO link as depicted
in Figure 1 by

N
y =Hoxo + Y Hix; +n, (1
i=1
where H denotes the channel matrix carrying the intended
signal, H; denotes the NN interfering channels, and n ~
CN(0,0%1) is complex white Gaussian noise. We assume
that the transmitted symbols are uncorrelated and have unit
variance, i.e., E{x;x'} =1, for i € {0,..., N}. The channel
matrices are of dimensions D x T}, i.e. the number of transmit
antennas can vary between the different links.
We define the D x D channel correlation matrices at the
receiver as

Ro = E{HH{'},

N
R, = E{ZHHH}
=1

Furthermore, we write the eigenvalue decompositions of R
and R; as

R, = UAUY,

R; = VI'VH,
where U and V are unitary matrices, and A =

diag(A1,...,Ap), I' = diag(v1,...,vp) with sorted eigen-
values Ay > Ao >--->0and vy >y > --- > 0.

Fig. 1.  Multi-user channel from two MIMO Tx to a single MIMO
Rx. The individual MIMO channels are denoted by Hi, Ho. The
receive correlation matrices are then given by {R, = E{H;H!'}
for i € {1,2}. Note that whenever the two transmitters are not co-
located, these receive correlation matrices will differ significantly.

B. MIMO mutual information with interference

Assuming Gaussian signaling at all transmitters, perfect
channel state information at the receivers, and single-user
detection (treating the interference as noise), the relevant
expected mutual information between input x and the output
y of the interference-impaired channel in (1) is given by [1]

I = E{log, det (I + HoH{ (>, HH + o°1)~1)} . (2)

Motivated by this equation, we use the correlation matrices
Ry and R; instead of the channel matrices' and define the
mutual information metric

J(Ro, Ry, 07%)
= logy det (I + Ro(Ry + 0?I)7)
= log, det (I+ AUV (6’14 T)"'VIU)

where UMV is a unitary coordinate transformation.

It turns out that for fixed eigenvalues, the value of
J(Ro, Ry, 02) depends on the degree of alignment between the
subspaces characterized by U and V. For fixed Ry = UAU!
and T',

J(Ro, UTUY) < J(Ro, VI'VH) < J(Ro, UTUY),
N— ——— N———
Jmin(ROaF) Jmax(R07F)

for all unitary matrices V. (For brevity, we omit the parameter
02.) In other worcls, the two extreme cases are realized by
V=Uand V=1U.

Intuitively, the worst case interference occurs when the
eigenspaces of signal and interference are identical and thus,
the strongest interference mode affects the strongest signal
mode. Conversely, the best case (corresponding to the largest

Unfortunately, the usual way to bound the mutual information by pulling
the expectation into the log, det expression is unavailable when interference
comes into play. Still, the following equation is a meaningful representation
of interference, as will become clear in Section III-C.



mutual information metric) occurs when the strongest eigen-
mode of the interference aligns with the weakest eigenmode
of the signal and vice versa.

To emphasize the role of the subspace alignment, we define
the scaled metric

~ J(RO,RI) - Jmin(R07F)

J(RO7 RI) = Jmax (R()’ F) — Jmin (R07 F) 7 (3)

which satisfies .
0<JRo,Ry) <1, 4

In Section III-C, we demonstrate the relevance of the scaled
metric J by example. The metric .J is very practical since
it directly describes the ultimate performance limits given a
certain interference. Note that this approach can be extended
to include transmit precoding by including the corresponding
precoding matrix into the mutual information equation as
demonstrated in [1].

C. Other metrics

The metric J is a specific way to model channel interaction
in interference-impaired MIMO communication. Apart from
this particular choice, the model proposed in the next section
works with any alternative metric that fulfills the following
requirements:

— The metric depends on Ry = UAUY and R; =
VI'VEH,

— For fixed Ry = UAUH and{_l", it reaches its extreme
values for V.=U and V = U.

— The metric is continuous in V.

III. MODELING THE MULTI-USER CHANNEL SUBSPACES
A. Modeling principle

Upper and lower bounds on system performance under
several metrics, such as the ones defined in the previous
section, are determined by the eigenvalue structure of the re-
ceiver correlation matrices. The actual performance, however,
is strongly affected by the relative alignment of their eigen-
spaces as captured by the coordinate transform UV In order
to test MU-MIMO algorithms for their performance, they need
to be evaluated under varying channels conditions that cover
the entire spectrum of possible signal subspace alignments.

The procedure presented in this section generates receiver
correlation matrices for this purpose. Recall that the received
spatial signatures are Rg = UAU! and Ry = VI'VH, We
assume that the spatial signature R of the desired signal,
the eigenvalue profile I' of the interference, and the noise
power o2, are pre-specified. They may be obtained from
measurements or from a qualified link model.

In addition, a target point for the alignment of the subspaces
needs to be specified. The alignment is quantified by the metric
J within the bounds of (4). Our model generates a suitable
V such that the metric meets the target, i.e., the pre-specified
R, and the generated R; are related as desired.

In the following, we describe the procedure in detail for
the mutual information metric J, but it applies likewise for

any metric that satisfies the requirements of Section II-C. The
procedure can in principle also be used to generate channel
matrices instead of correlation matrices.

B. Generation of V

Assume we are given Ry = U~AUH, I, and jta&get. Our
algorithm finds a 'V that satisfies J(Rg, VI'VH) = Jiarget.-

A solution exists only if 0 < jlarget < 1. Recall that J=0
is achieved by V = U, while J = 1 is attained by V = U.
Therefore, a V that meets jlarget must exist along a smooth
unitary curve from U to U. Such a curve can be defined as

V(s) = (ﬁUH)SU,

using the eigenvalue decomposition (UUH)s = Weis®WH
in which ® = diag(¢1, ..., ¢,) is a diagonal matrix of phase
angles in (—, 7. This leads to .J(s) being a continuous
function. Since J(0) = 0, and J(1) = 1, the existence of
an s* € [0, 1] with J (s*) = jlarget is guaranteed. This s* can
be calculated to arbitrary precision by the bisection method
[7]. The desired subspace matrix is then V(s*).

C. Numerical example

To demonstrate the effect of subspace alignment on system
performance, and to illustrate the path-based methods of
Section III-B, we consider the following example. Assume
the simple receiver correlation structure [8]

10 ploo Pl
1 0 .

Ro=| " — UAUY,
yPto 10

where the inter-antenna correlation p ranges between 0.1
(uncorrelated channels) and 0.9 (highly correlated channels).

To model the interference, we use I' = A for simplicity. To
demonstrate the impact of the eigenstructure of interference on
the capacity of MIMO systems we generate V (s) as described
in Section III-B, varying s from O to 1, thus covering the best
and worst case. For comparison, we choose p € {0.1,0.5,0.9}
to show the performance differences of changing subspace
alignments. The MIMO channels are generated using the
(single-sided) Kronecker model [9], i.e., Hy = R(l)/ 2G0, and
H, = R11/2G1 = VI''/2G,, where Gy and Gy are complex
Gaussian i.i.d. matrices with zero mean and unit variance.
Furthermore, we assume the signal and interfering channels
to have the same power on average, having both a signal-to-
noise ratio of 20 dB.

Figure 2 plots the expected mutual information under in-
terference (c.f. (2)) derived from Monte-Carlo simulations
using the generated channels. Note how strongly the expected
mutual information changes solely due to the rotations of the
interference eigenspace, when channels are correlated. For low
correlations (¢ = 0.1) changes are almost invisible, however,
for higher correlation values of ; = 0.9, changes of more than
65 % are possible.
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Fig. 2.  Ergodic capacity of multi-user interference channels with
different alignments of signal and interference subspace. For s = 0,
signal and interference subspace are completely overlapping, while
for s = 1, the strongest interference eigenvector couples into the
weakest signal eigenvector.

Finally, we demonstrate the relevance of the mutual infor-
mation metric (3) and its connection to the expected mutual
information. For that, we define the minimum and maximum
expected mutual information, I, and I« as follows: Iy
is the expected mutual information when modeling H; using
R; = UT'UY, and I, is the Expgcted mutual information
when modeling H; using R; = UT'U™. Using this definition,
we define the scaled expected mutual information as in (3),
but replacing J by I.

Both the scaled expected mutual information and the mutual
information metric (3) are plotted in Figure 3 for different
singular value profiles. The results show that both lines almost
coincide. The barely visible variations are due to the averaging
of the expected mutual information. Hence, our metric per-
fectly captures the changes of ergodic capacity of the channel
realizations.

This example demonstrated that subspace alignment needs
to be considered for multi-user modeling. The question re-
mains, how strongly realistic channels are separated, and how
to model them, which is discussed in the next section.

IV. PARAMETERIZATION FROM MEASUREMENTS

In this section, we demonstrate by an example how the
multi-user MIMO model can be parameterized from radio
channel measurements.

A. Environment

The example setup is based on indoor-to-outdoor MIMO
channel measurements in a 4 x 2 configuration, where 2-
antenna transmitters were moved indoors along well-defined
routes [10], as illustrated in Figure 4. The receiver had 4
antennas and was located outdoors approximately 45 m away
from the office building at a height of 10m. The latter is
a cubicle-style office environment in Santa Clara, California.
The Stanford RUSK channel sounder was operated at a center
frequency of 2.45 GHz with a bandwidth of 70 MHz.
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Fig. 3. Mutual information metric J (solid lines) and scaled

expected mutual information (dotted lines). The scaled expected
mutual information perfectly follows the metric.
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Fig. 4. Indoor-to-outdoor environment and indoor floor plan. The
asterisk denotes the matching corner.
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B. Parameter estimation

Receive correlation matrices were estimated from the radio
channel data of each individual link using a sliding window
over short-term stationary periods. Exact details are provided
in [10].

As a parameter for the subspace alignment model, we use
the distribution of J over all distinct links pairs. It is well
approximated by a Beta distribution,

jafl(]_ o j)bfl

where T'() is the Gamma function. The Beta distribution is
particularly adequate to describe the metric statistics, as it is
bounded between 0 and 1, analogous to J. The distribution
of the mutual information metric for both investigated pairs



of links is depicted in Figure 5, together with their respective
Beta distribution fit:

— for multi-user links with R evaluated from route 1, and
R evaluated from route 3, a = 6.31, b = 7.90,

— for multi-user links with R evaluated from route 2, and
R; evaluated from route 3, a = 6.47, b = 38.5.

Interestingly, the distance between links 2 and 3 (in terms
of J) is significantly smaller than the distance between links
1 and 3. Intuitively, this means that both transmitters (on links
2 and 3) communicate towards the outdoor receiver via the
same propagation paths, probably through the right-side wall.
By contrast, the signals transmitted on routes 1 and 3 reach
the outdoor receiver through different propagation paths. Given
the environment layout, one may safely assume that the main
propagation path on route 1 is through the upper right corner
(indicated by the asterisk) directly to the receiver, whereas on
route 3, propagation mostly takes place through the right-side
wall and then diffraction on a neighboring building towards the
receiver. Hence, routes 1 and 3 are well separated, since the
corresponding propagation paths do not significantly intersect
from the outdoor receiver viewpoint.
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Fig. 5.  Empirical (solid line) and fitted Beta (dashed line) distri-
butions of J

As a consequence, the eigenvalue distributions for all three
investigated links might differ substantially. Hence, they are
evaluated separately. We found that all eigenvalue distributions
could be well approximated by a lognormal distribution.
The mean and standard deviation of the best-fit Gaussian
distributions are summarized in Table 1.

It can be observed that the eigenvalue distributions on links
2 and 3 are actually quite similar, while being largely different
on route 1. This confirms the previous discussion on the
differentiated propagation paths, i.e., that the main propagation
path for links 2 and 3 is via the right-side wall, in contrast to
link 1.

V. CONCLUSIONS

We presented an analytical multi-user MIMO channel model
that is able to model interference in the spatial domain.

TABLE 1.
[ Link index | Sorted eigenvalue index | Mean (dB) | Std (dB) |

Eigenvalue distributions in indoor-to-outdoor scenarios

1 4.09 0.68
| 2 -0.78 1.53
3 -4.89 1.84
4 -8.12 1.60
1 3.63 0.40
) 2 0.03 0.63
3 -3.75 0.95
4 -6.37 0.92
1 3.18 0.53
3 2 0.07 0.71
3 -2.42 0.99
4 -5.61 1.16

The proposed model characterizes the amount of eigenspace
alignment on a continuous scale between fully aligned and
maximally non-aligned.

The parameterization of the model is exemplified using
channel measurements in an indoor-to-outdoor cubicle-style
office environment. We demonstrated that in real environ-
ments, the effect of interference indeed depends heavily on
its alignment with the desired signal space.

It turns out that system performance metrics under interfer-
ence strongly depends on the alignment of the eigenspaces of
the channel matrices of the intended signal and of the interfer-
ing channel. For strongly correlated channels, the difference
in data rate can reach up to 65 % in a 4 x 4 MIMO system.
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