Time-Variant Channel Equalization via Discrete
Prolate Spheroidal Sequences

Thomas Zemen and Christoph F. Mecklenbrauker
Telecommunication Research Center Vienna (ftw.)
Tech Gate Vienna, Donau-City Str. 1/111
A-1220 Vienna, Austria
Email: {thomas.zemen, cfh@ftw.at

Abstract—In this work we present an equalization scheme ested in a channel representation that models a time variant
for a multi-carrier (MC) code division multiple access (CDMA)  (TV) channel for the duration of a data block.
communication system that is operated in a frequency-seléve The time variation of a wireless channel over the duration
time-variant (TV) channel. For block oriented data transmission .
we are interested to describe the TV channel for the duratiorof Of @ data block is caused by Doppler effects. The Doppler
a data block with the smallest amount of parameters possible frequency depends on the velocity, on the carrier frequency
Slepian showed that time-limited parts of band-limited segences and on the angle of arrival. Therefore the maximum time

span a subspace with strongly reduced dimensionality. The variation of the wireless channel is upper bounded by the
discrete prolate spheroidal (DPS) sequences are the basig§ 0 maximum (one sided) Doppler bandwidBpmax When the

this subspace. We exploit this property by using the Slepian . . .
basis expansion model (BEM) to describe a TV channel with a C&Tier frequencyfc and the maximum supported velocity

minimum amount of parameters. The mean squared error (MSE) vmax Of the user is given:

of the Slepian BEM is30 dB smaller than the MSE of the Fourier

BEM for a frequency-flat TV channel. We present simulation Bbmax =
results in terms of bit error rate (BER) versus E,/No for a Co
multi-user MC-CDMA forward link in a frequency-selective TV

channel comparing the Fourier BEM and the Slepian BEM for Wherecoldenotes the Speed of “ght' .
channel equalization. We will use a basis expansion model (BEM) with an

appropriately chosen set of basis functions to describértie
. INTRODUCTION variation of a channel. The Fourier basis functions areiagpl

This paper describes a solution for the problem of chanHP:I [I\i]__ﬁ']] tc'): represgg;t\ﬂtl:}e TY] c?allrngl th(rjougrt; akFF)L_:_rri]er
equalization in a wireless communication system based BfrM. The ourier t as the following drawbacks: The
multi-carrier (MC) code division multiple access (CDMA)rectanguIar windowing associated with the DFT introduces
when the users are moving at vehicular speed. In MC-CDI\/ﬁPe‘:traIf Ieak;’age,f see [5, Sec. .5'4] anf? .[6’ Slec.k3.7]. 'rl;he
a data symbol is spread by a user specific spreading code, §RETIY Trom low trequency Fourier coe icients leaxs to the
resulting chips are processed by an inverse discrete Fouffd! frgggjen(;fy range. Wh;n t2he DF-I;] IS trygcatedfﬁiimax
transform (DFT) to obtain an orthogonal frequency divisio eGi S eftect [5, Sec. 2.4. ]toggt er with spectra d. o
multiplexing (OFDM) symbol. One data symbol correspon gads to significant phase and amplitude errors at the bieginn

to one transmitted OFDM symbol. The transmission scherﬁ@d the end of the (_Jlata block [7]. This results in a bit error
is block oriented. floor for channels with Doppler spread as was shown by [8]

We deal with a frequency-selective channel that vari@é‘d [9]. h . deficienci i |
significantly over the duration of a long block of OFDM To overcome the Fourier BEM deficiencies we will apply

symbols but for the duration of an OFDM symbol the charf BEM descrtl)be(zj t;y Slzp|an [10]. The.ShIeplap .BEM Is able
nel time variation is small enough to be neglected. This Ef rgprgsefnt an —m;lte .sequr?ncez Wr']t a.mmllrnu-mdamount
directly related to very small inter-carrier interfereng€l). of basis functions. Slepian showed that time-limited parts

Every OFDM symbol is preceded by a cyclic prefix to avoi(?]c a band-limited sequence span a subspace with strongly

inter-symbol interference (ISI). We assume perfect timd aﬁgduced dimensionality._ The basis functions are the dedal
frequency synchronization discrete prolate spheroidal (DPS) sequences (see [11héor t

At the receiver we perform block oriented processing focrontinuous time counter part). These DPS sequences have a

data detection and channel estimation. Therefore we age in emqua_bledoubleor_thogonallty property over an |nf|n|te_ anc_i
a finite interval. This property enables parameter estonati
The work is funded by the Radio Communication Devices depemt Wwithout the drawbacks of windowing as in the case of the
(RCD), part of the Siemens AG Austria, Program and Systemiredng  Fourier BEM [10, Sec. 3.1.4]. The Slepian basis functiores ar
(PSE) and the Telecommunications Research Center Vietwa {fi the 10 hed he k . . . fthe ch |
project. Thomas Zemen was with Siemens AG Austria when hionpeed matched to the known maximum time variation of the channe

parts of the work for this paper. Bpmax and the length of the transmitted data block.
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Our contribution in this paper is the application of thén vector notation.
Slepian BEM for the task of channel equalization in a MC- The receiver removes the cyclic prefix and performs a DFT.
CDMA system. To our best knowledge this application waghe received signal vector after these two operations isrgiv

not explored until now. by

The paper is organized as follows: We introduce the signal y[m] = diag (g[m]) Sb[m] + v[m] € CV*1 3)
model for MC-CDMA in Section Il. In Section Il we present here S [s sk] c CVXK  and
he Slepian BEM for TV ch | ling. The Slepian BE - Lo 9K '
the Slepian or TV channel modeling. The Slepian m] = [bi[m],...,bx[m]]" € CK*! contains the stacked

can be approximated by the finite Slepian BEM, we show th . . .
in Section 1V. The MSE of the Slepian BEM for a flat-fadin ata symbols fod( users. Complex additive white Gaussian
TV channel is analyzed in Section V. The MC-CDMA forward'®'5¢ W'E(?Ni?ro_r?:ein and covarianagly is de&(\)rtxeld by
link simulation results are given in Section VI. Finally, Wev[m] € - the lrequency re§pons¢[m] € 1S
conclude in Section VL. related to the impulse response via

glm] = VNF nyh[m] (4)

CN*N s the unitary DFT matrix with elements

II. MC-CDMA SIGNAL MODEL

In MC-CDMA a data symbol is spread by a user specifi‘é’hereFN €
spreading code. The resulting chips are processed by an 1 e—j?\}rz’j
inverse DFT to obtain an OFDM symbol. Our transmission "N

is block oriented, a data block consists df OFDM _data _ The signal model (3) is valid for TV channels when the
symbols. Every OFDM symbol is preceded by a cyclic préfiy i gmaj) [12]. This is true when the (one sided) Doppler

to avoid ISI. The channel varies significantly over the dorat bandwidthBp is much smaller than the subcarrier bandwidth
of a long data block. For the duration of an OFDM symboAf = 1/(NT¢): Bp = eAf for 0.01 > & > 0.

. 4,j=0,...,N—1.

the channel time yariation can be neglected. , The receiver is a TV unbiased LMMSE filter [13], [14]
The base station transmits quaternary phase shift key-
ing (QPSK) modulated symbol$,[m] with symbol rate ze[m] = (F1.[m])) " y[m]. (5)

Rs =1/Tg drawn from the alphabetl—_z{il +j} in blocks
of length M. Discrete time is denoteafbyb, t =mTgs. There
areK users in the system, the user index is denoteﬂ.t%ﬁclh §k[m] = diag (g[m]) sy, € CV** (6)
symbol is spread by a random spreading sequepae C" * . ,

; 1 : ; to express the TV unbiased LMMSE filter
with elements—~—<{+1 + j}, see Fig. i . . . i T

The data symbols result from the binary information se- FHm] = 5x[m]™ (021 + S[m)S[m]H)~ @
ql_JenceXk[m”] of length 2MRC by_ convolutional encodm_g kLM = 5x[m]H (021 + S[m]S[m]H)~15[m]
with code rateR, random interleaving and QPSK modulation

with Gray labeling. The spread signals of all users are addtf€ resulting code symbol estimates are demapped, deinter-

together. Then, aiV point inverse DFT is performed and al€@ved and decoded by a BCJR decoder [15] to obtain soft

cyclic prefix with length@ is inserted. One OFDM symbol Values for the transmitted data bigg [m"]. _

together with the cyclic prefix has length Bf= N +G chips. The performa}nce of the receiver depends crucially on the

The resulting chip strean[n] with chip ratel/Tc = P/Ts Model assumptions faglm].

is tran;m;gedhpver a TVLr;uItipath fading channel with a gtela 1. SLEPIAN BASIS EXPANSION MODEL

spread ofL chips,tp = . : . .
IoThe transmitpfiltelr) the T\c/ channel and the matched receiveSI‘apl.an [10] described a complete set of discrete _prolfite

fiter together are ’represented byt,7). We denote the Spheroidal (DPS) sequences that are most concentrateid with

sampled TV impulse response By[n', n] = h(n'Te, nTe) a discrete time interval of length/ and most band-limited

P mp Pons = C ) to bandwidthW, [W| < 1/2. The DPS sequences[m] are
For processing at the receiver the channel time vanan%rc])ubl orthogonal on the intervals- ] and [0, M — 1]:
over the duration of an OFDM symbol is small enough to y 9 00,0 ’ '

be neglected. Therefore we represent the channel through M-1 1 &=
h[m, n] = h'[mP,n], D GlmiGIml =+ 3 GlmlGIm] =65, (8)
m=0 g

m=—0o0

We define the TV effective spreading sequences

h[m] = [(mPTG,0),...,h(mPTc, (L - DTo)] " € C-! fori,j = 0,1,...,M — 1. The vector{, € RM*! obtained

2 . L .
(2) by index limiting the DPS sequencégm] to [0, M — 1] is
; i M x M 1
Iwe will use the following notation: All vectors are defined @slumns an eigenvector of matri’ € R fulfllllng
vectors and denoted with bold lower case letters. Matricesgaven in bold
upper case(-)T denotes transposg;)* denotes complex conjugaté;)? C¢; = AiG;-
denotes Hermitian (i.e. complex conjugate) transpose Bgddenotes the . . . .
Q x Q identity matrix. TheQ x R upper left part of matrixA is referenced as 1 N€ €igenvalues are denoted kbyand matrixC is defined as
Agxr and the element ofth row andjth column of matrixA is referenced in 270 (i .
by [A];,;. The result ofdiag(a) is a diagonal matrix with the elemerfia]; [Cli; = sin 27 W (i — j) i,j=0,1 M—-1. (9
on its main diagonal. tJ (i — j) >0 r ’
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Fig. 1. Model for the MC-CDMA transmitter in the forward link

We will use the term Slepian sequence to refer to the index IV. FINITE SLEPIAN BASIS EXPANSION MODEL

limited sequencé€; and DPS sequence to refer to the unlimited The Slepian sequencey can be approximated by finite
sequence;-[m_]. _ Slepian sequences; € RM*1, The eigenvalue problem for
In our application we set the finite Slepian sequences is numerically easier to Gtleul
) than for the Slepian sequences. In analogy to the previous
section we define the finite Slepian sequences as the vegtor
and identify M with the number of symbols transmitted in gobtained by index limiting the finite discrete prolate sqheal
data block. The set of Slepian sequences corresponding to thDPS) sequences;[m] to [0, M — 1].
system paramete® and W are the basis functions for the The FDPS sequences[m] are orthonormal over the finite
Slepian BEM. The eigenvalues; decay to zero for index interval[0,nM — 1]
values greater than two times the time bandwidth product #ar—1
2W M. This is an indication that the approximate dimension Z ui[mluj[m] = 6;5, ,j=0,1,...,D —1,
of the signal space is limited ®W M [10, Sec. 3.3]. m=0
The maximum Doppler frequency is much smaller than thénd orthogonal over the intervll, M — 1]
symbol rateBpmax < Rs. For a system with block length |
M = 256, symbol rateRs = 48 kBaud/s, carrier frequency Z wilmju;[m] = aﬁdij, i,j=0,1,...,D—1. (14)
fc = 2GHz andvmax = 100km/h the maximum Doppler 0
frequency Bomax = 185 HZ (vpDmax = 0.004) which gives o . . .
2WM + 1 = 3. This is a very considerable saving in th%E:a%;tzgpicil’“;newzihhk these two intervals by the intege
number of parameters to describe a TV channel for a bloCkro Fppg sequencés € R7*1 with elementa;[m] are

length of M =256. the left singular vectors of matri@ € C"™*M \jth elements
We describe the TV impulse responsgn,n] through the

W = BDmaxTS = VDmax (10

Slepian BEM o _ 1 sin[m@[pWM] + 1) (i — 5)/(nM)]
o s Chs = sl - )/ D) 4o
= fulfilling
wr ;an " cctli; = oy, i=0,...,D—1. (16)

whereD' = [2«WM]+1, m =0,...,M —1 andn = The block length)M and the bandwidti¥ are defined as in
0,...,L — 1. By choosingx we can control the MSE of the Section Ill. The singular values are denoteddyy The rank
Slepian BEM defined as of Cis D =2[nWM] + 1.

M-1L—1 The finite Slepian BEM is given by

1 . 2
= h —h ; 12 D-1
‘ LM mzzo T;, ‘ [m.n] [m.n] (12) E[m,n] = Z ~i[n]u;fm], m=0,1,...,.M —1. (17)
i=0

For a perfectly known channéi[m,n] the coefficients in

(11) are calculated through For a perfectly known channel the parametgfa] are calcu-

lated through

M-t M1
aln] = ) Bfm,nlGlm),  i=0,1,....D—-1 (13) a1 _ 3" hlm,nlulm], i=0,1,...,D~1. (18)
m=0 m=0



The finite Slepian sequences converge to the Slepian

guences fom — oo [16]. This is also indicated by the con-

vergence of the elements of the defining matrikn [C]; ; =
n—00

[C],;- The finite Slepian sequences approximate the Slepian

sequences for values> 2 which we will show by numerical
simulation in Section V.
We define the zero padded matrix
é — RnMXnM‘

[CaonMx(nfl)M] € (19)

This allows us to explain the matrix that defines the finite
Slepian sequences as a concatenation of a time-limiting ope

ator to the discrete time intervigl, M — 1] and a band-limiting
operator to the discrete frequency rarjgéV, W] [16], [17].
To construct matrixC we define the time-limiting operator
1

D € R"™MxnM ag the diagonal matrix
D =di
(Lo ])

and the band-limiting operatd® € R"™*7"M in the frequency
domain as diagonal matrix according to

(20)

1w+
0y m—2rqw M -1
Lrpwan

B = diag

Using this definition matrixé can be expressed by

C=F,BF,uD (21)
where F,ps € C"™>nM s the DFT matrix with
1 iz
{Flij; = NG M 4 j=0,...,nM —1.

V. MEAN SQUARED ERROR OF THESLEPIAN BEM FOR A
FLAT-FADING TIME-VARIANT CHANNEL
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Fig. 2. Mean squared error (MSE) for the Fourier BEM, the BieBEM,
and the finite Slepian BEM wittD = 5.

BEM is independent of the actual autocorrelation. Becatise o
space limitation we show this in [20].

The symbol duration isTs (64 + 15)/3.84 Mcps
20.57 us, the speed of the user is varied in the rafige
v < Umae = 100km/h= 27.7m/s. This results in a range of
the doppler bandwidth of < Bp < 180Hz or normalized
to the symbol durationd < vp < 0.0037. The length of the
data block isM = 256 symbols, the time index is restricted
to 0 < m < M — 1. The parameters for the Slepian BEM
are k = 2 which results inD' = 5, for the finite BEM
we choosen = 2, this givesD = 5. For the Fourier BEM
(see Appendix) we choos€ = 2 to get D" = 5. All BEM
use the same amount of parameters to model the channel
D=D"=D"=5.

Figure 2 shows that the MSE for the Slepian BEM is 30dB

To demonstrate the merits of the finite Slepian BEM wemaller than the MSE of the Fourier BEM for the full range
compare the MSE of the Fourier BEM, the Slepian BEM anef vp.
the finite Slepian BEM when used to approximate a flat-fading

TV channelh[m)].
We model the sampled flat-fading TV channidin] as

VI. MC-CDMA FORWARD LINK
To generate the TV channel realization for the frequency-

superposition of20 discrete paths according to the modedelective TV channeh'[n',n] we use the model defined in

defined in [18].
The averaged autocorrelation afm] over different real-
izations converges t@yp () = Jo(2mvpmn), wherevp is

the previous section for every channel tap of the exponigntia
decaying typical urban (TU) power-delay profile (PDP) from
COST 259 [21] with a delay spread= 15 corresponding to

the (one sided) Doppler bandwidth normalized to the symbépb = 3.9us.

rate given byvp = * CTS in the range) < vp < Vpmax =
BpmaxTs. The actual speed of the user is denotedspwith
[v| < Umax-

It is important to note that the Slepian BEM doest depend

The system is operated at carrier frequerfgy= 2 GHz,
the users move with velocity = 70 km/h, this givesBp =
126 Hz. The number of subcarrie® = 64 and the OFDM
symbol with cyclic prefix has length aP = G+ N = 79.

on the knowledge of the autocorrelation of the TV channérhe chip ratel/Tc = P/Ts = 3.84 Mcps. The data block

Usually the autocorrelation is only known for a dense scatte

length M = 256. For the finite Slepian BEM withy = 2 this

model in the limit of an infinite number of scatterers. Thisesults inD = 5.
assumption is not fulfilled in practical channels [19]. The For data transmission the convolutional code used, is a
Slepian BEM does only exploit the strict band limitation ofion-systematic, non-recursivé,state, rateRc = 1/2 code

h[m] when the maximum allowed speed of the usegfs, is

with generator polynomial5, 7)s. We average all simulations

defined as system parameter. The performance of the Slemiaer100 independent channel realizations. The QPSK symbol
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Fig. 3. Forward link MC-CDMA receiver performance in termé RER
versus SNR. We compare the finite Slepian BEM and the FoulEM Bboth
with D = 5. The users are moving with = 70 km/h.

energy is normalized to 1, thB /N, is therefore defined as

E__1 P
No 2Rco?N’

and D" = 2[k'WM] + 1. By choosings’ we can control
the MSE of the Fourier BEM. We calculate the Fourier BEM
parameters according to

(1]

(2]

(3]

(4

(5]
(6]
(7]

(8]

El

We give the forward link MC-CDMA receiver performance

with K = {32,64} users and perfectly knowmodel parame-

[10]

ters y;[n] for the finite Slepian BEM and compare it with the

Fourier BEM. Additionally we also give the performance fo

f11

the perfectly known channglm], see Fig. 3. The performance

of the finite Slepian BEM is equal to the one for a perfectl
known channel.

VIl. CONCLUSION

tiz

[13]

We showed that the finite Slepian BEM is very suitable tg
model a TV frequency-selective channel for the duration gf‘”
a data block. The finite Slepian BEM is designed according
to two system parameters: the maximum Doppler bandwidth

Bpmax and the block lengtii/. The MSE of the finite Slepian
BEM is 30dB smaller than the MSE of the Fourier BEM
We apply the finite Slepian BEM for channel equalizatio
in a multi-user MC-CDMA forward link for a frequency-

M-1
Biln] = > hfm,n]fifm], i=0,1,...,D" —1. (24)
m=0
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